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ABSTRACT 


Effective experiences which help guide children's exploration 
and discovery processes, and prepare them to solve problems connected 
with their physical environment are considered to be important compo- 
nents in the elementary school curriculum. Further knowledge, however, 
is needed on how young children Boneye in problem-solving situations 
of a mathematical nature, particularly in the area of spatial relations. 

The purposes of this study were to collect the behaviors 
exhibited by a sample of children, aed 3 to 8 years, while they 
engaged in four problems involving spatial relationships, and to 
analyse and classify these behaviors. The problems were (i) the fold- 
out shapes, (ii) the projected shapes, (iii) the object reflections, 
and (iv) the mirror reflections problems. 

The behaviors of the children as they solved these problems 
were recorded:on half inch videotape. Sixty children were given 
problems (i) and (iii), 30 of whom were given the mathematically 
equivalent but physically different problems (ii) and (iv). Each 
child was interviewed individually and randomly allotted a set of 
problem situations which included from one to four spatial problems 
according to a predetermined schedule. 

Each problem generated a wide range of behaviors in each age 
group. The behaviors observed included visual, motor activity, pre- 
dictive, verifying, transforming, aiming, assembling and verbal 
behaviors. The problems had been devised to comply with a set of 
criteria for good problems, and it was found that almost all children 


readily sought solutions to them, using the materials which had been 
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constructed for these problems. Furthermore, it was found that chil- 
dren, when presented with a problem involving the manipulation of 
materials, wanted to make an immediate start on the problem, and 
resisted moves which did not take them directly to a solution. 

Protocols provided for interviewer assistance when needed, and 
this took the form of visual and verbal feedback or cues. The level 
of solution to the problems was found to be a function of a child's 
perceptual exploration, motor activity and interpretation of available 
data. Also, when acquired knowledge was consistent with the require- 
ments of the problem, children used this knowledge to solve new prob- 
lems presented to them. Although it was observed that children's 
problem-solving procedures became more systematic as they gained 
experience, specific motor activities such as aligning the edges of 
components in an assembly were exhibited by all children, and notions 
of the projected straight line were displayed by children as young 
as three years. 

Spontaneous verbalizations were generated by the problems and 
the materials. These took a functional form by which the children 
sought further information, monitored their actions, commented on the 
materials, adapted the problem to suit themselves, and indicated that 


the problem had been solved. 
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CHAPTER I 


MATHEMATICAL PROCESSES AT THE EARLY CHILDHOOD LEVEL 


The importance of effective experiences for introducing and 
teaching topics in elementary school mathematics is reflected in recent 
literature on mathematics education (Almy, 1975; Nelson & Liedtke, 
1972, 1974; Schminke, Maertens & Arnold, 1972; Mathematics in Primary 
Schools, 1969). Experience with the physical environment has been a 
common factor in all learning theories (Piaget, 1970, p. 719). How- 
ever Piaget has added a third dimension to the kinds of experience 
commonly noted, exercise and physical experience, namely logico- 
mathematical experience, or "the significant logical achievements of 
the child in dealing with his physical environment (Hilgard & Bower, 
LOWS ts 3 Ors 

Schminke et al have indicated that for early childhood 
experiences tobe effective they should 

(i) draw on the child's previous experiences, 
(11) help the child to use prior knowledge to organise further 
experiences into mathematical concepts, 
(iii) lead the child to operate on these concepts, thereby 
forming abstract axioms of mathematics (Schminke, 
Maertens & Arnold, 1972, p. 5). 

Furthermore these experiences should help to guide children's 
exploration and discovery processes, help them to become flexible in 
their thinking of class properties, help to fix their mental and 


manipulation skills and lead them to apply these processes and skills 


in attacking mathematical problems (Nelson & Liedtke, 1974). 
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Play and structured learning situations have been character- 
istics of many early childhood programs (Almy, 1975). To give some 
indication of the wide variety of processes performed by children, 
effective experiences have included the following: 

a. in Number: sorting, classifying, grouping, measuring, 

counting, comparing, estimating, ordering, 

by “in Geometry: folding, modelling, sliding, rotating, 

Elipping,; projecting, aiming, coordinating. 
These lists, although not exhaustive, provide some evidence of the 
wealth of effective mathematical experiences which may be incorporated 


in programs for developing early childhood mathematics. 


PROGRAMS FOR MATHEMATICS LEARNING 


Many early childhood programs have developed from the peda- 
gogical theories of Pestalozzi and Froebel, and in recent years some 
have been influenced by the learning theories of Bruner, Dienes, 
Gagné and Piaget (Almy, 1975). The philosophies of the Montessori 
school, the DISTAR program of Engelmann and Carnine (1970), and 
the Piagetian based curriculum of Kamii (1971) have been reported 
in the following terms. 

The Montessori program was designed to place major emphasis 
on individual instruction through self-correcting materials (Weber, 
1969), and was based on "a prepared environment" around which mathe- 
matical experiences were arranged (Orem, 1971; Standing, 1962). The 
teacher's role, what the child was to learn or do, and the complexity 


of the task were clearly laid out in the lesson plans which were 
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drawn around a "teach teaching, not correcting philosophy (Chow & 
idlton ge, JUS)7/s})) 5 4 
The highly structured DISTAR program of Engelmann and 
Carnine (1970) was based on the task analysis approach of Gagné (1970) 
and his theory of the hierarchical nature of the learning process. 
This program was language oriented, and was characterized by a 
patterned drill. It relied predominantly on association or rote 
learning (Osborne & Nibbelink, 1975). 
A preschool curriculum based on the Piagetian theory of cog- 
nitive development was initiated by Kamii (1971). Outlining the 
objectives of teaching in such a school, Kamii wrote: 
The objectives in a Piagetian school are (a) to structure 
the child's knowledge of the properties of familiar objects, 
and (b) to give him a repertoire of actions he can perform 
to explore the physical nature of unfamiliar objects (1971, 
Dao LO)e 

Referring to the development of spatial concepts, she wrote: 
The teaching of spatial concepts is achieved in the larger 
CONLEXt Of tne SemiceuLrIng io: Space -(l)sfrom the: selr—to— 
object level to the object-to-object level, (2) from the 
topological space to euclidean space, and (3) from the 
sensory-motor level to the representational level (Kamii, 
MCS Tans eee Re 

Although these and other developing programs have been 
evaluated (Junge, 1975; Suydam, 1974), an alternative approach to 
mathematics education, namely the problem-solving approach, has not 
been adequately investigated (Kilpatrick, 1969). Polya (1945, 1967) 
has done much to formulate techniques for teaching problem solving. 
He, like Dewey (1933), placed great emphasis on a 'stages' approach 


to problem solving, and advocated a heuristic process in teaching 


mathematics. Kleinmuntz (1966) surveyed the fields of research, 


2) yer 
Vi; Pa. i hie ait vee 


7 eS 
- 9 2 
dcegnt Ae Sell AS ae See Oa 2 
: 7 ; Y 
14 eg 2 pe Leet La oA Me @ hug BRaiione! idl : 


ny Mie Hiegnee. WO ws janiacbant (4a5u ? te 
liver jauieneee aad erhosent 
Af 34238 : — Panes Getac, (ou sae road * 
ie i © aed at del : vee er. aeiias 
eh sere Hira ty aay 


j : ey i Pict iv of + ee ae ro) 7 


enh) 20 ck: Angwtnerty an cave al meena ind Beeld sg NN 
er oe or ee es yeh 4 7 
> ABUT 5a eee ait ! awe a - Pe hod Aaa ‘cia . non 
71 Ais ; ha “+p ' My 6 > de re Lind 
ae it ar a ee 
hy ¥ 


method, and theory in problem solving from the behaviorists to the 
information processors. Problem-solving abilities, problem-solving 
structure and content and processes have also been surveyed 
(Riedesel, 1969; Stievater, 1971). 

These investigations have been associated, almost without 
exception, with verbal problem solving. On the other hand, a field 
which has not been adequately investigated is that of nonverbal 
problem solving. Nelson (1975) and Little (1974) have reported 
exploratory studies in children's behaviors displayed in nonverbal 
problem-solving situations associated with the mathematical processes 
of division. However, if a problem-solving model is to prove a 
Suitable alternative for arranging mathematical experiences for 
children, more precise information is needed about how young children 


behave in particular problem settings. 
PROBLEM SOLVING IN EARLY CHILDHOOD 


Henderson and Pingry (1953) described the importance of 
problem solving in this way: 
os. . Jife issnot simple and unchanging. Rather it as changing 
so rapidly that about all we can predict is that things will 
be different in the future. In such a world the ability to 
adjust and to solve ones problems is of paramount importance 
(Diag ) ke 
Research into the nature of the problem-solving process has 
been reported (Suydam, 1974; Stievater, 1971; Riedesel, 1969). Some 
of the variables which have been highly correlated with mathematical 
( 


achievement or problem-solving ability included vocabulary, retention 


of details, perception of relationships, integration of dispersed 
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ideas, reading comprehension, and rate of comprehension (Dodson, 1972). 
The inability of young children (3-5 years) to read, and 
their “limited representational ability (Piaget & Inhelder, 1967)" 
have been difficulties associated with mathematical problem solving 
in this age group. To avoid these difficulties a nonverbal problem- 
solving model has been suggested by Nelson and Sawada (1974), and a 
number of associated problem-solving situations have been developed 
by them. 
In a description of the role of problem solving in the 
elementary school, Cohen and Johnson (1967) have pointed out that: 
A true problem (often called a "good problem") in mathematics 
can be thought of as a novel situation for the individual 
who is called upon to solve it. The path of the goal is 
blocked and the individual's fixed patterns of behavior 
are not sufficient for removing the block. Hence, deliberation 
must take place. In this deliberation we can note many differ- 
ent kinds of behaviors that might be exhibited by the problem 
solver (p. 261). 
Further research into problem-solving behaviors has been 
advocated (Little, 1974). Referring to the lack of research in 
this field, Kilpatrick (1969) wrote: 
Much has been said lately about the need for large scale complex 
studies in mathematics education, but the researcher .. . 
who chooses to investigate problem solving in mathematics is 
probably best advised to undertake clinical studies of individual 
subjects . . . because our ignorance in this area demands 
clinical studies as precursors to larger efforts (p. 531). 
Geometry has been an area of the mathematics curriculum 
which has been regarded traditionally as a vehicle for developing 
problem-solving skills and strategies. At a conference devoted to 


Piagetian cognitive-development research and mathematics education 


(Rosskopf et al, 1971), the perception of children and their 
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understanding of geometrical ideas was discussed. On this subject 


Dodwell (1971) concluded: 
There is no extensive literature in the Piagetian tradition 
on geometry and concepts to review, no hotly debated issues 
at either the theoretical or the experimental level on which 
to make judgements. To a remarkable degree this field has 
been neglected . . . (p. 186). 
Dodwell emphasised the need for research of this type in 
order to throw further light on those intellectual functions 


associated with "geometrical imagination and understanding (1971, 


Peglov)iar 
STATEMENT OF THE PROBLEM 


The need (a) for further research in nonverbal problem 
solving expressed by Kilpatrick (1969) and (b) for further informa- 
tion on children's understanding of geometrical ideas prompted 
this investigation. 

The main problems addressed in this study were: 

A. To collect the behaviors exhibited by a sample of 
children (aged 3-8 years), while they were engaged in 
solving four spatial relationships problems, namely: 

(i) the fold-out shapes problem, 
(ii) the projected shapes problem, 
(iii) the object reflections problem, and 
(iv) the mirror reflections problem. 


B. To analyse and classify these behaviors. 
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THE SETTING OF THE PROBLEM 


Nonverbal problem-solving behaviors of young children have 


become a focus of attention in mathematics education research within 


the Department of Elementary Education at the University of Alberta. 


Nelson (1974) wrote: 


the central purpose of any mathematical instruction 


at the early childhood level is to help the child see order 
and meaning in situations and events which occur in his 
everyday activities. It is important that the child gains 
control over such situations and events, and that he learns 
to change or modify them so that they more nearly suit his 
own needs and purposes (p. 1). 


Working from this standpoint, and supported by a Canada 


Council research grant, Nelson and Sawada (1974) developed a set 


of twelve problem-solving situations and the physical apparatus for 


presenting them to young children. These twelve problems consisted 


of six pairs, having different physical structures but involving 


the same or related mathematical structures. 


The domain of the study by Nelson and Sawada (1974) was to: 


ae 


Identify, select and refine criteria for the specifica- 
tions and construction of mathematical problems which 

can be used effectively to study the behavior of children 
aged three to eight years. 

Construct, on the basis of these criteria, a selection 

of problem situations. 

Engage children, under carefully controlled conditions, 

to interact with the problem situations. 

Observe, record and categorize the behaviors manifested by 


the children in interacting with the problem situations. 
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e. Trace the scope and sequence of problem-solving behaviors 


over the age range. 
DELIMITATIONS OF THE STUDY 


Only those behaviors spontaneously generated by the specific 
problems were examined. 

Problem-solving behaviors were studied in reference to a particu- 
lar group of children. 

Although children's attitudes, general motivation, and innate 
ability are acknowledged to affect their problem-solving 
behaviors, these attributes were considered to be peripheral 


to this study. 
LIMITATIONS OF THIS STUDY 


The unfamiliar setting in which the investigation took place, 

the presence of several adults in the room, and the movement of 
such strong distractors as a videotape camera and recording 
equipment may have affected the performance of the subjects. 

The spatial problems selected for this study may have restricted 
the range of problem-solving behaviors displayed by the Spe eetee 
The responses observed were characteristic only of the set of 
subjects involved in this project. 

The amount of time allowed the subjects of this study due to 

the interviewing schedule and the amount of tape available for 


recording may have restricted their performance. 
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DEFINITIONS 


Euclidean Space. This is space which is characterized by perception 
of angles, distances, proportions and parallels, and operations 
within a coordinate system. 

Projective Space. This is space characterized by the ability to 
view an object or diagram in relation to a point of view other 
than that of the observer. 

Topological Space. This is space which is characterized by the 
attention given to proximity, order, separation and enclosure 
of an object or its representation. It does not consider 
Euclidean or projective aspects of an object. 

Proximity. This is the relationship between two components of a 
plane drawing which concerns their nearness to each other. 

Closure. A curve is closed when it has no end points. 

Problem. The apparatus and the accompanying verbal statement or 
demonstration which were designed to stimulate some reaction 
from the child. 

Problem Situation. All aspects of the apparatus designed for a 
problem. 

Problem-Solving Behavior. Any act or reaction which the problem 


Stimullatcessinethen chanlde 


SIGNIFICANCE OF THE STUDY 


The nature of problem solving and the development of strate- 
gies for problem solving have been documented. Gagné has defined 


problem solving as "an inferred change in human capacity resulting 
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in the acquisition of a generalizable rule novel to the individual, 
and applicable to the solution of a class of problems (Gagné, 1966, 
p. 132)." Dewey (1933), Polya (1945) and Newell and Simon (1972) 
have all made substantial contributions to the literature on problem 
solving particularly with reference to the "stages theory," the 
"heuristic method" and the “information processing approach." 
Referring to the Dutch educator van Hiele, Wirzup (1975) wrote: 
The development which leads to a higher geometric level 
proceeds basically under the influence of learning, and 
therefore depends on the content and method of instruction 
(p. 7). 

Van Hiele, who has influenced Russian thought on mathematics 
curricula (Wirzup, 1975), postulated levels of development in geo- 
metry. These levels were not dependent on maturation, but proceeded 
in discontinuous leaps in the learning curve, and were consistent 
with the abrupt changes and plateaus reported in longitudinal 
studies. These levels were also characteristic of the notion of 
instrumental conceptualization advocated by Bruner (1966) who wrote: 

the heart of the educational process consists of providing 
aids and dialogues for translating experiences into more 
powerful systems of notation and ordering (p. 21). 

A general concensus has been established concerning the role 
of concrete materials in the development of problem solving and the 
understanding of geometric transformations in young children. How- 
ever, more precise information needs to be obtained about how young 
children behave in particular problem-solving settings and how they 


perceive the problem. Gagné and Smith (1962) explored the effects 


of the "thinking aloud" technique used by Dunker (1945) to study 
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children's thought processes when solving problems. However, ina 
study where boys 14-15 years old were required to verbalize during 
practice, Gagné and Smith found that verbalizing had the effect of 
making children think of new reasons for their moves. 

The method of observation devised for this study offers 
distinct advantages. The behaviors of children in problem-solving 
situations can be recorded with high reliability. Having been 
authentically preserved, these behaviors may be subjected to a 
variety of analytical procedures. Thus the research technique of 
using a videotape recording has important implications in the field 
of education studies. 

What children think as they pursue a mathematical problem is 
of great interest to educators. Although the behavior exhibited by 


children does not allow the observer to know precisely what they are 


thinking, it is possible to interpret their problem-solving strategies. 


Illumination on children's perception of a problem may also be 
derived from spontaneous verbal statements made during their attempts 
to solve that problem. 

A study of the behavior of children can also enable the 


researcher to identify those variables which influence a child's 


activities and thought processes. In this way factors which facilitate 


problem solving in young children may be determined. 

This study may also be of some importance in guiding those 
interested in developing problems based on real life situations. 
It may further identify appropriate problem-solving settings for 


young children. Newell and Simon (1972) comment: 
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A theory of the psychology of problem solving requires not 
only good task analysis, but also an inventory of possible 
problem-solving mechanisms from which one can surmise what 
actual mechanisms are being used by humans (p. 6). 


OUTLINE OF THE STUDY 


The following chapter contains a detailed explanation of 
the research design underlying this study. It describes the four 
problems investigated, and the mathematical basis of each problem. 
The methodological procedures involved in the sampling procedures, 
data collection and data analysis are also explained. 

Chapter Three reports the findings of the study. 

Chapter Four concludes with a summary of the study, a 
discussion of the findings, conclusions and implications of the 


study, and recommendations for further research. 
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CHAPTER If 


DESIGN OF THE INVESTIGATION 


The purpose of this study was to 
A. Collect the behaviors exhibited by the sample of children while 
they were engaged in solving 
(i) the fold-out shapes problem 
(ii) the projected shapes problem 
(iii) the reflected objects problem 


(iv) the mirror reflection problem. 


B. Analyse and classify these behaviors. 


This chapter provides details of the problems, the mathe- 
matical background of these problems, the means by which the subjects 
were selected, the presentation of the problems, the method employed 
for collection of the data and the method by which the data were 


analysed and verified. 


CRITERIA FOR GOOD PROBLEMS 


Before a set of problems suitable for the basis of a research 
project are constructed or selected, some theoretical framework or a 
set of specifications is necessary to establish the appropriateness 
of certain problems for that task. Nelson and Kirkpatrick (1975) 


formulated a number of criteria for the identification of a "good" 
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problem. These were taken into consideration in the construction 
of the four problems selected for this study. 
The criteria of Nelson and Kirkpatrick (1975) were: 
1. The problem should be of significance mathematically. 


2. The situation in which the problem occurs should involve 
real objects. 


3. The problem situation should capture the interest of the child. 


4. The problem should require the child himself to move, transform 
or modify the materials. 


5. The problem should offer opportunities for different levels 
of solution. 


6. The problem situation should have many physical embodiments. 


7. The child should be convinced that he can solve the problem, 
and he should know when he has a solution for it (pp. 71-72). 


The materials, tasks, and mathematics of the four spatial 


relations problems will be discussed in the next section. 


THE PROBLEMS 


tine rolGd—Ouite Shapes Problem 
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Six squares, four equilateral triangles and twelve regular 
pentagons, each of side 10 cm, were fabricated from plexiglas 3.2 mm 
thick. Alternate edges were fitted with strips of rough and smooth 
Veloro material, “Ehiis providing a méans for hinging the various 
shapes. The six squares may be used to form a cube, the four equi- 
lateral triangles tetrahedron, and the twelve regular pentagons may 
be attached to form a dodecahedron or a twelve sided regular poly- 


hedron. The following problems were presented to each subject. 


(a) The Cube 

A completed cube was placed on a low table in front of a 
child, who was encouraged to handle it and give it a name. The 
Chile was then Ansetuicted to untold the cube so that all the squares 
would be flat on the table. The child was then asked to fold up the 
cube again. The interviewer then informed the child that after the 
squares had been laid out in different ways, he would be asked to 
make a box from each layout by folding up the squares. The box 
was unfolded and the following arrangements were presented in turn 
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A cube of the same- dimensions made of wire was placed on the 
table. The child was encouraged to guess whether or not he would 
be able to make a box from a particular arrangement before fe actually 
folded up-the squares. When he had completed these activities, the 
following arrangements were then presented and the child asked to 


predict whether or not he could make a box by folding the squares. 

‘ bead | aaa] So a 
Whatever the answer, the child was asked to verify his choice. The 
Squares were then reformed as in (v) and (vi), and the child asked 
how he would rearrange the squares so that he could make a box with 


them. The child was given no assistance with this operation. On 


completion of the task, the materials were removed from the table. 


(b) The Tetrahedron 


Four separate Plexiglas equilateral triangles were placed on 
the table in front of the child. He was asked if he could attach 
the pieces together in such a way that he would be able to fold them 
into a box. A wire framed tetrahedron of the same dimensions was 
available for imspection. “li the child failed to make the figure 
he was given assistance. 

The triangles were then laid out in the following arrange- 


ments and the child asked if he could make boxes from them. 
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After making his prediction the child was asked to verify his choice. 
No assistance was given to the child. When he had completed this 


task the materials were moved from the table. 


(c) The Dodecahedron 
A completed dodecahedron was placed before the child, who 


was encouraged to handle the shape, to name it and then dismantle 


it. When he had unfolded all the sides of the dodecahedron, he was 
then asked to reassemble it. No assistance, other than holding 
pieces in place, was given to the child. No wire framed model was 


available for inspection. (See Appendix for protocol.) 


2 ee tie Projected Shapes 


A 35 mm slide projector was used to project a beam of light 
onto a gray screen. A set of three plane wire shapes, a circle, of 


diameter 10 cm, a rectangle 30 cm x 10 cm, and an equilaterial triangle 
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of side 10 cm, and a set of three wire shapes of solids, a square 
Pyramid, a ERtaNGular Pyramid and an ockohedrom, all writen sides 10 emi, 
were presented oO ‘the sda He was asked to make shadows, using 
the first sew omwirem=esamesu(a) (oie) COumatcohs the 


following figures which were displayed individually on cards: 


‘ dea COREE 


(b) fee 


(e) 


Shapes (d), (e), (f£), illustrated below, were then presented 
together and the subject asked to choose a shape and make a shadow to 
match the figures in the second column which were displayed on 


individual cards. 


(d) 


Ce) 


(f) 


(See Appendix for protocol.) 
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86.) The Object Reflection 


The apparatus consisted of a board 105 cm x 75 cm surrounded 
by walls 5 cm high. The walls were covered with a layer of sheet 
rubber. A spring loaded shooter capable of projecting a steel ball 
1.5 cm in diameter could be located and rotated in one corner of the 
board by fitting the pivot into one of ten holes drilled in the 
board. A plastic bear was used as a target. The subject was 
instructed to tip the bear over by aiming directly at the bear. He 
was then asked to tip the bear over by bouncing the steel ball off 
one wall, and wooded blocks were placed strategically to prevent 
a direct aim. Later he was asked to bounce the ball off two walls 


and tip the bear over. (See Appendix for protocol.) 
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4. The Mirror Reflection 


The apparatus for this problem consisted of a board 105 cm x 
75 cm surrounded by walls 5 cm high, the inner surface being covered 
by plane glass mirrors. A high intensity pointer flashlight was 
fitted to a base which moved in a slot cut in the board and which was 
able to rotate about a point. The target consisted of an upright 
strip of cardboard on which representations of four animals, an 
elephant, a lion, a bear and a deer, were drawn. The subject was 
instructed to shine the light on a succession of animals, in a given 
order, first by shining the light directly onto the cardboard strip, 
then by reflecting the light off one of the mirrors, and later by 
reflecting the light off two of the mirrors. (See Appendix for 


protocol: ) 
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THE GEOMETRY OF THE PROBLEMS 


The behaviors displayed and the strategies used by the sub- 
jects in solving each of the problems listed above were the focus of 
this study. Each of these problems will now be considered in terms 
of its mathematical basis. 

It should be noted that Coxeter (1963) has defined a poly- 
hedron in the following way: 

A polyhedron P is a connected, unbounded, two-dimensional 
manifold formed by a finite set of non-re-entrant, simply 
connected plane polygons (p. 14). 

In an original exposition of the mathematics of orientable poly- 
hedra with regular faces, Stewart (1970) describes the surface 
(manifold) of a polyhedron thus: 

A connected, unbounded two-dimensional manifold is a finite 

set of polygonal regions, arranged so that each edge of each 
region is matched with exactly one other edge of the same or 
another region and vertices are matched only as required by 

the matching of edges (p. 9). 

By restricting the matching of edges and vertices the 
definition guarantees homogeneity, and since the edges are matched 
in pairs, this leaves no edge free. In this sense the surface is 


unbounded. These definitions will be seen to be significant in 


the analytical solutions of the problems. 
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i. The sFold sOuthehapes 


(a) The Cube 


This member of the class of regular polyhedra is the most 
commonly recognised and probably the easiest solid for children to 
study. It is characterised by six congruent square faces, and the 
dihedral angles are also congruent; hence its regularity. Each of 
the dihedral angles is a right angle. This is another characteristic 
which makes it easily identified and constructed. 

The six square faces of this three dimensional solid may be 
Mapped onto the two dimensional plane by rotations of 90° or mul- 
tiples of 90° about the edges of the solid. In this way the cube 
may be "unfolded" to form a net of the solid. Any such arrangement 
will of necessity (by the principle of reversibility) fold up into a 


cube. Some common arrangements which fold up into the cube are: 


(i) Ca) 


(iii) ay 
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Some of the arrangements which do not fold up are as follows. 


(v) 


(vi) 


Methods ct Solving che Problem 


Giinp rons 
This direct method does not require much more than an 
attempt at folding up adjacent sides in most cases. Even the most 
unlikely looking case (iii) above soon shows evidence of foldability 
once two sides have been lifted. Attempts at folding could be 


described as systematic or haphazard. 


(ii) By Observation 


The child who matches the faces of the 2-dimensional figure 
with the three dimensional model can set up a correspondence which 


Wiiolead. hime tcorca ecmsteom. 


(111) By Analysis 


Some children will quickly learn from experience, that when 
a row of four squares has one square above and one square below it, 
that this will fold up no matter what the disposition of these two 
squares is, provided that they coincide with the edges of other 
squares. 


Again, children would learn that any arrangement of four 
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Squares with a common vertex such as that illustrated, 


ae 


within any arrangement precludes the possiblity of this being a fold- 
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(iv) By Mapping 

A study of the cube will show that three planes intersect 
at each vertex. Hence a mapping of congruent sides could prove to 
be another method. Again, each vertex of a square face coincides 
with a vertex or corner of the solid. Thus a mapping which links 
sets of three vertices of squares which are compatible would lead 
EO a CeECognition of toldability. A father Simple principle of 
superposition holds in this case, namely, that if two sides of two 
different. squares have a common point, then-on folding, the other 
endpoints will :coincide... -Thus._tor._the figure =t0-fo0l1d-completely = 
it is necessary that there be eight sets of three coincident points. 


The following diagram illustrates this principle: 
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obviously there are some points which are left Unmeavened, but not 
only this, there are some points which exceed the required threesome 
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(b) The Tetrahedron 


This regular solid is surrounded by four equilateral triangles. 
It is a triangular pyramid with all dihedral angles equal to 60°. 


The faces of the tetrahedron fold out to form a net in only 


[\/N/ 


two ways, namely 


Ci) and (iv) 
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Fach vertex of the tetrahedron consists of- three coincident vertices 


of the triangular faces. In the first figure 


points B, D, FP alveady satisty this requirement. Points A, €, and ih 
must therefore map onto one point, namely the remaining unaccounted 
iOle WIESE One tele Soil. 


In the second figure 


L and P name three coincident points. K with only two coincident 
points needs a third point to meet the requirements for foldability. 
The only vertex available to satisfy K is M. A similar argument 
shows that Q would need to map onto N. Thus the mapping rule for 
folding this arrangement is M> K and QQ? N. 


The arrangement of the four triangles 
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shows X to have 4 coincident points. Some very simple arithmetic or 
observation alone would then indicate that X cannot be a vertex of 


the tetrahedron. 


Methods of Solving the Problem 


(i) By Folding 


A trial approach will lead to a decision as to whether a 


given arrangement of the triangles will fold up into the tetrahedron. 


This may not be quite as frustrating as with the cube problem. 


(11) By Observation 


A comparison of the network with the wire frame model could 


lead to a decision. The first network given 


is not an obvious case, since the dihedral angles are not as easy to 
recognise as those of the cube, for example. However A and B could 
be recognised as vertices of the tetrahedron since they are the 
coincidences of three triangle vertices. Cand D, both adjacent to 
A will coincide on folding the triangle, while E and F will also 
coincide. Thus four sets of “triple” points are formed resulting 


in a complete told-—up of the net. 


(iii) By Analysis 


The basis of this method has already been considered in the 


a7 


panes | 2 


” 
' 
to xottey & oct Nene 
’ y. Ay . ae 
7 


wt é r Z = : er 
= yeiffedw ot 26 Hokeios6 w oF Best Pitw dsdoxgas Debt +45 
7 
» eli oink. qu bfot- rae. iw aviposiss aid to Be 3 onophet oo 


AoiPoAnsxges 


matderg Sdn ont aig tw 2s puiLsevisuy] es ue ton ¥ 
= re i 
! : a. 
| 


7 
‘papiiaviee 


= 


is 


Bbioow Jaborm ania aytw oft igiw drvowien off Qo nawtse 


nevip Stowten texl? edt” mole 


¢ 


o+ vite ge ton o18 voles texbedib fd sonia sano 


_ u : 
Rition & bob & tevawor sai qniexs wot yootc ott 20. 


oie oOlA yads 3 4sAt= toxhorsxsoy adi: to ‘end Ethey 


0) tressibs Hod 4a bas Da” .esbisaey elpeiss pe 
f 7 7 ; 


ne os 


<i 


ovte [Liw. 3 bas a siiaw stunk J sit 


pnititigzes beso? ote apiioy cae i, 


ie y 


ott ni o]a Oe, ayete: 


IDE LOCUGELON LO ehiaesolid. Fach vertex, is the point Of, coancidence 
Obsthreae interseching tacess,of Lhe, tetrahedron... Lt.1s thus a matter 
of recognising those points of the network which already satisfy 
this condition, and then finding those points which can be matched 
tosmeat Ehis condition. 

The second arrangement, with all four triangles sharing a 
common vertical point, iS easier to fold visually. Quite apart £rom 
having the aforementioned overabundance of coincident points, the 
sides fold to form a square based pyramid. It is necessary there- 
fore, for a child to recognise that a square based pyramid differs 
froma triangular pyramid, to realise that ‘this format will not 
fold up into a tetrahedron. 

On the othex hand, children who recognise that the tetra— 
hedron has three side faces could be expected to note the presence 
of the additional side and predict that the arrangement would not 


form a-tetrahedron. 


(c) The Dodecahedron 


This regular polyhedron has twelve pentagonal faces, twenty 
vertices and thirty edges. Whereas the cube and tetrahedron unfold 


into a small number of nets, the dodecahedron can be unfolded into 
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29 
many nets all of which are complicated in appearance. As is the case 
with the two previous solids, each edge of a pentagon joins with an 
edge of another pentagon to form an edge of the solid, and each 
vertex joins with a vertex of two other faces to form a vertex of 


the solid. 


Methods of Solving the Problem 


(i) By Folding 


This is the most difficult of the three solids to visualize. 
The method of dismantling the solid has some bearing on the difficulty 
of the problem. 

If the dodecahedron is simply unfolded to form a net, the 
reversibility of the system could suggest the possibility of refolding 
the faces, and lead to a correct prediction for this problem. The 
real difficulty in this case is that of knowing where to start folding 
or which pieces to start raising. If two adjacent pentagons are 
raised and joined, the problem is simplified, since the solid 
immediately begins to take shape. If sides are raised which do not 
join, no such reinforcement occurs and a modified strategy has to be 


introduced. 


(a7) By Observation 


Since a frame or model of the solid is not available in 
this problem, a subject requires a good mental image of the dodeca- 
hedron if he is to recognise the relationship of the arrangement of 
pentagons to the completed solid. In the particular case of the 


net shown below the relationship may be easily recognised, since 
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each half of the network forms a recognizable part of the solid. 


(iii) By Analysis 
This method demands a high level of thought and understanding 
of the dodecahedron. The method has already been presented, and 
an illustration will) indicate the: process. Dotted lines in—the 
figure below display how sets of coincident vertices may be identi- 
fied: When this: process is continued round the figure without inter- 


LuUptLLON jf, the pattern ,sithe folidabiin.ty Of the net wis verified. 


This method could lead to effective and efficient fold up procedures. 
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(ZV) SBy Construction 

If all faces of the dodecahedron are detached, then con- 
struction of the solid may begin by 

(a) SLorming va net and trying to fold it, or 

(b) assembling the solid by building the faces around the 

base. 

The net formed in method (a) may not fold, and this introduces con- 
fusion into the problem. Method (b) is efficient if the subject 
adds new faces to join with two others. This leads to completion 
of the bottom half of the solid. This procedure may be duplicated 
and the two halves linked together, or the subject may continue to 


build up on the bottom half. 


2. The Projected Shapes 

Projective geometry is the study of the properties of shapes 
which remain invarient under certain transformations. These trans- 
formations are illustrated best by diagram rats Unified Modern 
Mathematics, 1973, pp. 17-31). Figuresland 2 illustrate transforma- 
tions which could be identified as euclidean. The properties which 
remain invariant under such transformations are: 

1. openness (or closedness) of curves 

2. interior, exterior, boundary points 

S28 Lamear order, cyclic order 

4. connectedness 

5. straightness of lines 

6. convexity of figures 


7. parallelism of lines 
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Central Projection with Parallel Planes 
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8. ratios of distances 

9. measure of angles 

10. tength. 
In figures 3 and 4 the above transformations are further transformed 
by tilting the screen. However the duality of the situation means 
that the same results would occur if the screen remained fixed and 
the circle on the slide (or the wire frame in this case) is tilted. 
Figure 3 illustrates an affine transformation, under which properties 
1 through 8 above are preserved, or remain invariant. Under a 
projective transformation, only properties 1 to 6 remain invariant. 
Thus a euclidean transformation is an affine transformation, but 
not vice versa. 

The prime purpose of the task was to observe whether children 
could predict the shape which would cast a particular shadow when a 
beam of light from a slide projector was used. The distance between 
object and shadow was between 30 cm and 75 cm, whereas the distance 
between projector and screen was approximately 350 cm. The resulting 
magnification was only slight. 

The wire frames form two sets of closed figures, namely 
Simple closed and complex closed figures. An analysis of the shapes 


formed by these will therefore be recorded in two parts. 


(a) The Simple: Closed Fagure 


The circle, rectangle and triangle are topologically equiva- 
lent, each being a simple closed curve. Selection of the circle to 
produce the ellipse could be made on the basis that both shapes are 


bounded by curves. It could also involve an intuitive notion that a 
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(in this figure, a parabola) 


Figure 4 


Central Projection with Oblique Planes 
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straight edge would not produce a curved shadow, although the converse 
of this intuitive notion would be incorrect. 

The formation of a straight line from the rectangle could be 
anticipated by the dominant perceptual feature of the longer sides 
of the rectangle. However, in some cases it could be that a child 
would project the shadow of the rectangle and identify the line 
required with one side only of the rectangle, ignoring the remaining 


three sides. 


Methods of Solving the Problem 


Methods appropriate to each shape are listed in Summary 1, page 36. 


(b)) The ‘Complex Closed) Figures 


When the card displayed a diagram with a square as the bound- 
ary, the solid selected should have a square as one of its features. 
This restricts the choice to either the square pyramid or the octo- 
hedron. The selection of one of these would then be suggested by 
the simplicity or complexity of the interior of the diagram. 

The choice of the triangular pyramid as the means of construc- 
ting the first two diagrams would tend to Bacecee that the subject 
is concentrating on the interior of the diagram and not the diagram 


as a whole. 


Methods of Solving the Problem 
There are numerous simple and complex procedures, and the 


following statements simply identify some expected methods. 
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ile Superposition 


The subject would hold the wire frame so that the shadow 
cast falls on the card illustrating the shape to be made. Manipu- 
lation of the selected frame would indicate an effort to produce 


the desired shape. 


2s Manipulation 


The frame which appears to resemble most closely the given 
shape is selected and the shadow formed by holding the frame in 
the beam of light compared with the given shape. If the shadow cast 
does not match the given shape the subject may do one or more of 
the following: 

(1) transform the shadow by some manipulation of the frame - 
rotation about a horizontal, a vertical or an oblique 
plane, cee. 

(ii) replace the wire frame with another 
(iii) withdrawn from the problem. 
Methods appropriate to each of the individual problems are 


listed in Summary 2, page 38. 


3. The Mirror Reflection Problem 

When a ray of light is reflected from a smooth, flat (i.e. 
plane) surface, experiment shows that the angle of the incident ray 
I, is equal to the angle of the reflected ray I’. It is customary 
to measure these angles from a line perpendicular (normal) to the 
plane ot the mirror (honghurst, 1967, pp.) 5). this law of reflection 


was generalised by Snell to include reflection and refraction of 
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light in media of different refractive indices. Thus Snell's law 
is simplified to the form 

nesingl. — nUesingien=a0 
where n and n' are the respective refractive indices. This law also 
is consistent with Fermat's principle which states that the optical 
path of a ray is at a stationary value, that is, the length of the 


optical path between an object and its image is a minimum. 


normal 


Mirror 


The image of an object observed in a mirror is in fact a virtual 
image, appearing to be behind the mirror, and at a distance from the 
mirror equal to that of the object in front of the mirror. The 


following diagram illustrates this fact. 
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The solid lines represent the real rays. The dotted lines represent 
the rays which appear to emanate from the image I. 

When two mirrors are placed at an angle to each other, the 
object and all its images lie on a circle, the centre of which is the 


point of intersection of the two mirrors. 


When the two mirrors are at 90° as shown in this diagram, three 
virtual images are formed. Path 1 shows the path of a ray from the 
object to the eye which makes one reflection, while path 2 is that 
of a ray which makes two reflections between the object and the eye. 
The problems involving reflection of light from a mirror 


will be considered in two separate cases. 


Case 1. Light Ray Making One Reflection 


A minor modification to the above theory is required to 
meet the facts of the situation. A light source projects a ray of 
light which is reflected from the mirror. The task requires the 
subject to rotate the light source until such time as the light 


illumines an object (in this case a silhouette of an animal). Since 
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the light source is to be rotated, a schematic diagram of the situa- 
tion will indicate the strategy required to move the spotlight in 


one direction or another. 


From this diagram it can be seen that a rotation of the light source 
towards the object results in the reflected light ray moving towards 


the object. 


Case II. Light Ray Making Two Reflections 


The task is similar to that of case I, except that the ray 
of light is required to reflect off two surfaces before illuminating 
the object. The next diagram illustrates the strategy required to 


solve this problem. 
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It can be seen that a rotation of the light source towards the object 


causes the reflected light ray to move in the opposite sense to that 


plbustrated in Case 1. 


Summary 


The situations in which the subjects found themselves may be 


summarised in the next diagram. 


Thus, to move the spotlight D to O after one reflection, the light 
source AB has to be rotated in an anticlockwise direction. To move 
the spotlight D to O after two reflections, the light source AC has 


to be rotated in a clockwise direction. 


Apeecne Ob tect Ret lection Problem 


The principles outlined above for the reflection of a light 
ray off one or two mirrors apply in exactly the same way to the 
reflection of a steel ball propelled towards a rubber wall and 
bouncing off one or two rubber walls. The strategies indicated for 
changing the direction of the light source in order to effect a 


change in the position of the spotlight are identical with those 
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required to direct the steel ball towards a target, for the corres- 
ponding number of reflections. Thus the Object Reflection problems 
and the Mirror Reflections problems should be regarded as multiple 
embodiments of the same fundamental principles. As the number of 
reflections of the light beam increases, the intensity of the spot- 
light decreases. Similarly, the more bounces made by the steel ball, 


the slower the velocity of the ball. 


Methods of Solving the Reflection Problems 


Since the physical principles are the same for the mirror 
reflection and the object reflection tasks, their solutions will be 
considered together. In each case the subject has the opportunity 
to receive immediate feedback or reinforcement of the correctness 
or otherwise of his actions. 

Thus, the rotations of the shooter in the object reflections 
task and the corresponding paths of the ball are such that informa- 
tion may be received by the subject which leads to a more accurate 
aim of the problem solver. Of course this only applies if the 
feedback is adequately processed by the subject. On the other 
hand, if the information received by the visual senses is not pro- 
cessed, that is, it is not meaningful to the subject, then he may 
arrive at a solution by a process of random actions. 

The light beam can also convey information to the problem- 
solver in that the movement of the spotlight can be immediately 
related to the rotation of the shooter. A subject obtains immediate 
reinforcement of the results of his action, and can make a rapid 


change of plans before the first action is completed. 
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Whereas the object reflections task consists of a number of 
separate, discrete shots, the mirror reflection task involves a number 
of actions of a continuous nature providing for more rapid and 


accurate rectification of solution tasks. 
THE LONGITUDINAL STUDY 


The study of Nelson and Sawada (1974) was designed to extend 
over two summer sessions. In the first of these, the children were 
to attempt to solve six problems, comprising four different problems 
and the equivalent problems to two of these. In the second session 
the following year, each child would encounter the problems equiva- 
lent to those met in the first session. A schedule of the allocation 


of problems within each age group may be found in Appendix F. 
AUSHh IJALOMY SMMODNZ 


During the months of May and June 1974 a number of children 
within the age range 3-8 years were recruited through the assistance 
of university staff and graduate students. The purposes of this 
pilot study were to: 

1. find the most satisfactory form of the problem protocols. 

2. develop management skills within the studio which had 

been set up for the project. 

3. develop team skills with camera crew, videotape recorder 

operator, and ancillary staff for moving the problem 
materials. 


4. identify the most suitable positions for the two cameras 
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so that the data collected on videotape was maximised 
and relevant. 

5. determine some idea of the time required by the children 

to solve the problems presented. 

6. ensure that the problems met some of the criteria of 

"good' problems. 

The pilot study served all these purposes. It was decided 
that, for reasons of expediency, the interviewer could intervene if 
the child either failed to make any response or continued to make 
responses which were unproductive. This was necessary in order to 
limit the time for each child to one hour, and to accommodate to the 
amount of videotape available for the project. 

In the early deliberations on the project it was intended 
that 72 subjects would each be required to do eight problems, six 
different problems and the equivalent problems to two of these. 
However, it became obvious quite soon during the pilot study that 
such a number of problems was beyond the capacity of both the chil- 
dren and the available time. Thus this number of problems was 


reduced to four different and two equivalent problems. 


THE SAMPLING PROCEDURES 


A total of 600 notices were distributed to parents of chil- 
dren in grades one, two or three in five elementary schools and two 
day-care centres close to the University. These notices invited 
parents to permit their children, ages 3 to 8 years, to participate 


in a problem-solving research program planned for the summers of 
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1974 and 1975. Fifteen children from each age level, making a total 
of 90, were deemed a sufficient number to satisfy the requirements 
of both the cross-sectional and the longitudinal studies. The age 
range 3-8 years was selected as appropriate since this would likely 
include some children whose ability to solve the problems was 
minimal, and yet would also include some who could display consider- 
able mastery of the necessary skills. 

Except for the 3 year olds, sufficient numbers of children 
were volunteered by their parents to allow selection of the children 
by random sampling. A table of random numbers was used to make the 
selection. Because an insufficient number of three year olds 
resulted from the advertising, the remainder of the 15 needed were 
obtained by personal requests. 

The allocation of sets of problems to the children within 
each age group was randomised by the procedures adopted. These sets 
were numbered 1-15 according to their occurrence in the systematic 
table used to construct the sets. The parents of the children 
selected for the project were contacted by telephone in the order in 
which their applications were received, and a schedule of appoint- 
ments was thus compiled. The first appointment was made for June 24, 
and the final interview was held on July 23, 1974. 

For each age group a child received a problem set based on 
his order in the interview schedule. Thus, for 4 year olds, the 
first child to be interviewed was presented with problem set #1, 


the second child with problem set #2, etc.. (See Appendix F.) 
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THE INTERVIEWS 


The interviews were scheduled sothat a maximum of five 
children would be encountered in one day. There were three sessions 
in the morning and two in the afternoon. Special care was taken to 
interview the three year old subjects in the mornings to avoid the 
effects of fatigue. 

When the child arrived for his interview efforts were made 
to make him feel at ease. If the child appeared reluctant to 
participate, he was introduced to one of the problems which would 
not be met by him in his program. This proved to be a useful 
strategy in the small number of cases where it was implemented. 

Two interviewers shared the task of presenting the problems 
to the children. Dr. L. D. Nelson was one of these interviewers, 
the other Mrs. M. Mallet. 

At the completion of each problem the materials were moved 
from the table by the ancillary staff, and replaced by materials 
for the next problem. The children did not appear to find the 
presence of these people or the movement of the materials to and 
from the table of a distracting nature. 

The child was allowed a brief time before each problem in 
which to become acquainted with the materials. Indeed the protocols 
provided for an introductory exercise to enable the child to discover 


something about the materials used in the problem-solving tasks. 
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RECORDING THE BEHAVIORS 


The apparatus for each problem was placed on a low table so 
that a child could either sit on a chair or stand up while he solved 
the problem. During the solution two videotape cameras were used 
to record the behaviors of the child. The deployment of these 
cameras was such that for most positions taken up by the child, it 
was possible to capture his actions on tape. A split image device 
made it possible to record simultaneously the actions observable 
from different directions. Sony video cameras were used to record 
the behaviors on new format 1/2 inch magnetic tape using a Javelin 
Videotape Recorder. A total of 54 one hour tapes were used to record 
the full project. 

Two videotape cameras were situated so that it was possible 
to record a wide range of behaviors. A microphone was suspended from 
the ceiling so that verbalizations by subject and interviewer could 
be recorded. This was preferred over the use of lapel microphones 
to reduce the distractions present in the room. There were many 
times however, when the child's verbalizations were inaudible, or 


indistinct because of other sounds present at that time. 


ANALYSIS OF THE BEHAVIORS 


The purposes of the study included listing a catalogue of 
behaviors generated by these four problem-solving situations. It 
was necessary therefore to note carefully those behaviors displayed 
by the children. Many hours were spent previewing the tapes prior 


to the actual transcription of the behaviors to determine which were 
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Significant for this study and to devise a code for the transcription. 
The code constructed for this purpose enabled a record to be 

made of frequently and rapidly occurring behaviors for future 

analysis. Some of these behaviors, such as verbalizations, were 

sufficiently common for the same coding to be used in the analysis 

of a number of different problems. In others the behaviors were of 

a physical nature which required unique notations or full descriptions. 
In devising a coding system for this transcription task, 

attention was given to the need for a system which could be used by 

other investigators, and indeed, by others not necessarily skilled 

in the particular research techniques developed through acquaintance 

with this project. Thus a code which employed symbols with obvious 


connotations was evolved and may be found in Appendix B. 


VALIDITY AND RELIABILITY 


In their study of the growth of the child's conception of 
space, Piaget and Inhelder (1956) investigated the ability of children 
to envisage the results of unfolding a cube and a tetrahedron and 
also a cylinder and a cone. Children were asked to draw the shape 
each solid would assume "if we open it out flat on the table (p. 274)." 
Classification of the subjects into stages of development hinged on 
two major criteria, namely, children's ability to draw objects from 
their imagination, and their ability to be able to discriminate 
between the intact and the developed solid. The ages of the children 
observed by Piaget in these studies ranged from five to sixteen years. 


Earlier, more fundamental studies into children's coordination 
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of perspectives and the projection of shadows cast by a pencil (a 
straight line) and a disc (a circle) were also reported by Piaget 
andsinhelder.(1956,4p..200)25,1n atlater publication ((1958) sthe 
Geneva researchers described the results of their study of children's 
conception of the equality of angles of incidence and reflection. 

The Piagetian origin of the basis of the problems investigated 
in this study is acknowledged. However the materials devised for 
the fold-out shapes problems provide tangible representations of the 
solids. Thus the limitations imposed by the lack of motor and 
coordination skills needed by children to draw their representations 
are avoided. These problems required children to discriminate 
between shapes which would fold up and those which would not fold 
up to: a solid. 

The problems of this study were also designed by Nelson and 
Sawada (1974) to conform with the criteria for "good" problems which 
were proposed by Nelson and Kirkpatrick (1975). 

An explicit statement of the procedures used in obtaining a 
written form of the data was necessary to provide a basis for evalu- 
ating the data collection and the reliability of the records made. 

In this study the behaviors of children in problem-solving 
situations was the subject of observation. The analysis of these 
behaviors depended on the accurate recording of these behaviors by 
the Videotape Recorder and the reliable transcriptions of these onto 
paper. Kerlinger (1973) states: "A simple aspect of the validity of 
observation measures is their predictive power. Do they depict any 


relevant criteria dependably? (p. 539)." A measure of the validity 
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of the observations measured in this study will be more readily 
attained through the longitudinal project of Nelson and Sawada (1974), 
when the behavior of the sample of subjects involved in the summer 
sessions of 1975 are compared with those of the present sample. 

Referring to the difficulties inherent in recording data on 
videotape, Nelson and Sawada (1975) referred to (i) the behaviors 
exhibited by children in the interview situations and (ii) the 
limitations imposed by the TV camera. They wrote: 

The behavior of children when a camera is trained on them 

may not always be the same as it would be without the camera. 
Also there is a necessity to introduce extra people and 
apparatus into the situation which may distract the child. 
Fortunately . .. the problems were atractive enough to 

most children that such distractions were minimal. Another 
difficulty is that the behaviors have to occur in a relatively 
stall (space=(p. 36)). 

The advantages accruing from the storage of data on videotape 
were also listed by Nelson and Sawada (1975). Particular reference 
was made to reliability in the interpretation of data and the 
retrieval of data. They commented: 

One doesn't run into the same problem of reliability in the 
interpretation of the data as is usual with other methods 
of observation. If there is a question, one can always 
return to the actual event simply by running the tape 
ehrough again (p.) 36))- 

There have been a large number of observation instruments 
developed to record the interaction between pupils and teachers in 
instructional situations. Technical difficulties associated with 
these have been discussed by McNeil and Popham (1973). None of 


these instruments seem to have much application in the study 


reported here. 
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On the other hand, reliability is usually defined as agree- 
ment among observers (Kerlinger, 1973, p. 540), and may be usually 
assessed by correlating the observations of two or more observers, 
or by the percentage of agreement between observers. 

For the purpose of this study two other observers were 
enlisted, one a master's and the other a doctoral candidate. Per- 
centages of agreement were calculated between the investigator and 
these two observers. A random sample of subjects from the age groups 
was chosen, the task being the fold-out shapes problem. Before these 
observers commenced their transcriptions, observations were recorded 
on one subject. These observations were discussed with the investi- 
gator and a comparison made with the records made by him. Sources 
of disagreement were identified, and clarification of terms used in 
the coding system supplied to them indicated a basic agreement 
existed as to what was being coded. 

The procedures adopted for recording the data on the tapes 
will be discussed for each individual problem. 

The fold-out shapes problem consisted of ten separate tasks, 
six associated with the cube, three with the tetrahedron, and one 
with the dodecahedron. An analysis sheet listing each of these and 
its appropriate diagram was drawn up. This allowed for a record of 


the behaviors of each subject to be made. Each task was viewed 


completely at least three times, attention being paid to (i) the order 


in which each piece was transformed, (ii) the manipulations used for 
making these transformations, and (iii) the verbalizations which 


occurred during these manipulations. To obtain as accurate a record 
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as possible sections of tapes were replayed. The time taken to 
complete a transcription of this problem was seldom less than 75 
minutes, and was usually in excess of this time. 

A similar procedure was adopted for each of the other prob- 
lems. With the projected shapes problem, the time taken to reach a 
solution, the shape selected, the final shape formed and its dis- 
position required at least two viewings. Then manipulations, eye 
movements and verbalizations demanded at least another viewing. The 
remainder of the analysis sheet was then completed. 

With the object reflections problem, separate viewings yielded 
data on the time taken for each shot, the manipulations made and 
results of each shot, and the verbalizations occurring throughout the 
procedures required three viewings, interspersed with frequent stops 
and reruns. 

The difficulties inherent in the mirror reflections problem 
demanded very patient and close viewing. Since the action had to be 
recorded in a semi-darkened room it was not always possible to 
identify all the behaviors of the subject, and sometimes reliance 
had to be placed on the verbal interaction and reactions of both sub- 
ject and interviewer as to the result of a particular action. 

An explicit statement of the procedures used in obtaining 
a written form of the data was necessary to provide a basis for 
evaluating the data collection and the reliability of the records 


made. 
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DATA ANALYSIS 


The data gathered for this study consisted of 
(1) the physical manipulations of individual subjects while 
they were involved with four spatial relationships 
problems, 
(ii) their verbalizations during the process of solving 
these problems, and 
(iii) the times taken for specific tasks to be completed and 
for specific behaviors to take place. 
The information stored on 54 one-hour videotapes was used to develop 
a written, coded, transcript of the above behaviors. Comparisons 
were made by tabulation of intra-group and intergroup behaviors and 
performances on each of the four problems. Comparisons of perform- 
ances and behaviors of individual subjects solving two or more prob- 


lems were also investigated. 
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RESULTS OF THE INVESTIGATION 


The problems which were investigated consisted of two pairs 
of related tasks. The fold-out shapes problem was given to sixty 
subjects, 30 of whom were also given the projected shapes problem. 
These problems involved transformations of two and three dimensional 
shapes. Another group of 60 subjects were given the object reflec- 
tion problem and 30 of these also attempted the mirror reflection 
problem. These two problems involved different embodiments of the 
same problem, namely, the path traced out by a moving object under 
one and under two reflections. 

The results of the investigation will report on the following 
questions: 

1. Can children 3-8 years of age perform the tasks involved 
in these problems? If so what developmental differences 
are observable? 

2. Was a pattern of prediction behaviors observable with 
this sample? 

3. What behaviors were exhibited by the subjects during the 
solutions to these problems? 

4. Was there any evidence that the subjects perceived some 
logic in the folding procedures? If so what did it 


indicate? 
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I. THE SHAPES PROBLEMS 


The Cube - Problems A-D 
The fold-out shapes problem consisted of a series of separate 
problems. A subject was required to: 
a. Predict if a given layout of squares would fold to a cube, 
be. ctry “tor ver fyeirs prediction, 
Cy Gi 1tadid mot ifolidttosa cube, to perform a transformation 
on the layout which would result in a fold-up, 
d. assemble a set of four equilateral triangles into a 
tetrahedron, 
e. predict if two layouts of four triangles would fold into 
a tetrahedron, 
£. dismantle a dodecahedron, predict if it will fold back 
into a dodecahedron and then assemble it. 
The first tasks involved four layouts of six squares. These 
mena, IN, 18), (C Elovel iy, ell ixolecleyel ice) i Clbleys, UIs ) chaicl ©, \falielsl 
shapes E and F did not fold to a cube. Shapes A-D were: 


A. B. Ce Die 


Shape C was representative of forms where the side squares were off- 
set and was presented in three formats. The frequencies of presenta- 


tion for these formats of shape C are shown beside each diagram: 
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Shape C: 


Each subject was handed a 10 cm cube made from squares of Plexiglas 
held together by strips of Velcro, and was asked to unfold it. On 
completion of this the subject was asked to fold it back to its 
original shape. A wire frame model of a cube of the same dimensions 
was placed on the table to remind the subject of the original shape. 
The frame was drawn to the subject's attention initially, but few 
gave obvious indications that they were carefully inspecting it. 

One 3-year-old pointed to the frame, one 4-year-old picked it up and 
held it to his face and looked at the interviewer through it, and 
another 4-year-old tried to fold a shape around the frame. Two 
5-year-olds, three 6-year-olds and a 7-year-old studied the frame 
during their fold-up activities. However, the position of the frame 
with reference to the fold-out shape was such that it could have 
been within a subject's span of vision and visible without any 
obvious eye movements being made. 

The number of problems presented varied from subject to 
subject. For example, if a subject showed no comprehension of the 
tasks, the interviewer curtailed the number of problems given. This 
was the case with two 3-year-olds who were each given two problems, 
after which the remaining problems related to the cube were abandoned. 
Another 3-year-old frequently looked around and enquired for her 
mother and brother. She was given problem A, then problems E and F. 


The record for one 4-year-old began as he was about to attempt 
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problem D, after which he continued with problems E and F. 

Other subjects who demonstrated an understanding of the 
problems and displayed some control of the apparatus had the number 
of problems A-D curtailed. A 7-year-old boy was first presented with 
shape D and predicted that it would not fold up. After demonstration 
by the interviewer that it would, he was then given problems E and F. 
The remaining subjects completed at least two of the problems A-D 
prior to proceeding with E and F. 

When the preliminary exercise resulted in the formation of 
one of the shapes A-D, that shape was not always presented again to 
that subject. This occurred 12 times in all. Partly as a result of 
this, the order of presentation of the problems A-F varied from sub- 
ject to subject. The number of subjects to whom the shapes were 
given is listed in parentheses beside each problem: A (53), B (48), 
C (34), D (50), E (57) and F (57). Table 1 indicates the frequency 
with which each problem was presented in a particular order, i.e. as 
a preliminary exercise, as first problem, or second problem, and so 
on. 

Thus 49 subjects encountered shape A either as a preliminary 
exercise or a first problem, and three were given this shape as their 
second. One subject met shape A as his third problem. Shape B was 
presented as either second or third problem with only two exceptions, 
when it was the first problem. Shape C was also encountered, 
generally, as either second or third problem. Shape D was met in one 
of the positions preliminary to 5th, with the general position being 


4th. In three cases, E and F occurred as second and third problems 
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TABLE 1 


DISTRIBUTION OF FREQUENCIES FOR ORDER OF PRESENTATION 
OF FOLD-OUT SHAPES A-F 


Order of Presentation 


Shape Prelim. lst 2nd 3rd 4th 5th 6th 
A 8 41 3 a 
B 2 26 20 
¢ 3 2 18 a 
D al 3 10 8 27 1 
E 3 15 12 26 a 
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respectively, but in the main they occurred as problems 5 and 6. 
Altogether, two subjects were given two problems, three were given 
three problems, 16 encountered four problems, 12 had only five prob- 
lems, while 27 were given all six problems. The subjects in each 
age group who completed two, three . .. six problems are listed in 


Appendix F. 


The Results 

The following results are based on the numbers of subjects 
who were presented with the individual problems. During the fold-up 
activities subjects needed assistance from the interviewer. This 
assistance took these forms: 

a. support, during which the interviewer held up squares 
which the subject had already raised, 

b. verbal cues, by which the interviewer suggested that a 
Side (or sides) be raised, or suggested that parts be 
pushed together, 

c. nonverbal cues by which the interviewer rotated the 
assembly to facilitate the solution, or raised one (or 
more) sides. 

The interviewer usually told the subject to ask if he/she required 
assistance such as a. This occurred when the squares raised did not 
meet and remain upright. Such support released a subject's hand to 
enable him to pursue his solution to the problem. 

The number of assists given a subject was the basis for 


devising the following categories of solution for shapes A to D. 
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I. S does not fold up shape. 
II. S folds up shape with more than one cue. 
III. S folds up shape with only one cue. 

IV. S folds up shape with support only from E. 


V. S folds up shape with no assistance. 


Table 2 shows the distribution of boys and girls in each age 
group 3-8 years and their solution categories for shape A. Almost 
three-fourths (74%) of subjects (N = 53) from all age groups were 
able to fold this shape without any assistance. The interviewer 
helped 9% by holding up squares which had been raised by them. 

Verbal and nonverbal cues which resulted in squares being raised and 
partially completed parts of the box brought together were supplied 
to 11% of subjects. One 3-year-old who had folded the squares one 
on top of the other to form a pile or stack was helped to complete 
the box as a joint effort by subject and interviewer. A 6-year-old 
persisted with the piling behavior despite the interviewer's cues. 

Table 3 presents the distribution of subjects and their 
solution categories for shape B. More than half (60%) of subjects 
(N = 48) folded this shape without assistance. Of the subjects 
listed in category I, a three year old sat and looked around the room 
without attempting to raise a square, while another three year old 
detached a square, superimposed it on another, and then proceeded to 
form an open box. Two boys, four and six years of age, and a five 
year old girl folded the square through 180° to form piles of squares. 


Another five year old girl removed a square and modified the shape to 
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Categories of Solution 
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TABLE 2 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE A 
(N = 53) 


Age 
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Categories of Solution 


TABLE 3 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE B 
(N = 48) 
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a row of five squares with one on a side (shape E). After verifying 
that this would not fold she made another modification to shape A 
which she then folded to a box. One or more cues were required by 
19% of the subjects given this problem. 

The distribution of subjects in the solution categories for 
shape C is shown in Table 4. Of the subjects (N = 34) who formed 
this shape, 65% did not require any assistance. Squares were once 
more folded to form piles by a three year old boy, and a three year 
old girl folded the squares from each end to form "a wallet." Another 
three year old boy detached a square and reformed shape A which he 
then proceeded to fold into a box. 

Shape D was folded without assistance by more than half the 
subjects (N = 50). Table 5 shows the distribution of subjects for 
this problem, with 60% in category V. The percentage of subjects who 
needed the interviewer to support raised squares with shape D was 
double that for any of the shapes A, B or C. This occurred because 
subjects who raised one square of the layout tended to leave that 
Square and begin raising squares at the other end of the layout. 

One seven year old boy predicted that shape D would not fold up, but 
did not verify his prediction. 

‘The percentage of subjects in each solution category for 
the four fold-out shape problems is listed in Table 6. Solutions 
classified in categories IV and V did not require any cues or 
assitance from the interviewer, and therefore were considered to be 
adequate solutions. The percentages of subjects shown in Table 6 


clearly indicate that a majority of the children in this sample was 
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Categories of Solution 
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TABLE 4 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE C 
(N = 324) 
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Categories of Solution 
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TABLE 5 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE D 
(N = 50) 


Age 
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Shape 


TABLE 6 


PERCENTAGE OF SUBJECTS IN EACH SOLUTION CATEGORY 
FOR PROBLEMS A, B, C, D 


Category of Solution 
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able to do these problems. 


Predictions 
The protocols for these problems provided for each subject 
to be asked to predict whether or not the given shape would fold up 
into a box. The question "Can you fold this up into a box?" was 
occasionally replaced by "and what about this one?" once the subject 
was familiar with the interview procedures. In sixteen instances the 
subject was not asked to predict, but instead was asked to "see if 
you can fold this one up into a box." Subjects responded to the 
question with verbal and nonverbal replies which were categorized as 
"YES,' or 'NO' or 'NO REPLY.' The latter response was received 
from 39% of subjects who were given problems A, B, C and D. 
Prediction responses for shapes A-D are illustrated in 
Figure 5. The correct prediction 'YES' was given by more than 33% 
of subjects in each age group, and exceeded 50% for six and eight 
year olds. The following patterns appear in the graph for shapes 
Np IB Cy De 

1. The frequency of 'NO REPLY' responses decreases as the 
age increases from four to eight years. 

2. The 'YES' responses exceed the 'NO' responses at each 
age level by at least 30%, except for the five and seven 
year olds, where the excess was 9% and 11% respectively. 

3. The highest percentage of correct responses occur for 
the six and eight year olds. 

4. The low percentage of 'NO' responses for three and four 


year olds is matched by the higher percentage of 'NO REPLY' 
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PREDICTION RESPONSES FOR SHAPES A, 


B, C AND D 
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responses at these age levels. 


The Cube - Problems E and F 
After experience with shapes A-D, 57 subjects were then pre- 


sented with shape E and shape F. The layouts for these were: 


Shape E was presented in three different forms, all of which con- 
sisted of five squares in a row with another attached at the side. 
These formats and the frequency of their occurrence (in parentheses) 


are indicated below. 


ooo cee cc 


The analysis of the behaviors of subjects with these two 
shapes will be in terms of their predictions about the foldability 
of the shapes, and the modifications performed on the shapes to 


obtain a layout which will fold up. 


The Predictions 

Whereas the shapes A-D all folded into a cube, neither E nor 
F were foldable. On the presentation of each shape subjects were 
asked "Can you fold this shape up into a box?" A total of 20 subjects 
did not respond to this question about shape E, and 21 subjects 
failed to respond about shape F. Eleven subjects were not asked to 


predict) fon shapes EB or 
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The percentage of subjects at each age level with response 
Gategories "YRS," JNO and "NO REPLY" for shapes E, and EB are shown 


in Faqure 6. 
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PREDICTION RESPONSES FOR SHAPES E AND F 


Correct prediction responses were obtained by less than 30% of 
subjects at all age levels except eight years, where 55% predicted 
that chapes E and F would not fold. Patterms which appear in the 
graph for shapes E and F are as follows: 

1. ‘The percentage of "NO REPLY" responses decreases as age 


increases from four to eight years. 
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2. The percentage of incorrect 'YES' predictions exceeds 
that of the 'NO' predictions at all age levels except 
eight years. 

3. The percentage differences between the 'YES' and 'NO' 
responses displayed at each age level are less for shapes 
E and Ff thanathey are for shapes A-=D) (csi. Frcure 5)s 

4. Except for subjects age six years, the percentage of 
correct prediction responses increases with increase in 
age. 

A comparison of the percentage of prediction responses for 
each category in shapes A-D and E-F is presented in Figure 7. The 
close relationship between the 'NO REPLY' responses for subjects four 
to eight years is illustrated in Figure 7a. Apart from the three 
year olds, who showed a greater tendency to make a prediction about 
shapes E and F, subjects in the other age levels showed only minor 
variations in the 'NO REPLY' response for these two sets of problems. 

The 'YES' responses for shapes E and F followed the same 
pattern as those for shapes A-D for all subjects except the eight 
year olds. Figure 7b shows that subjects tended to make the same 
predictions for shapes E-F as were made for shapes A-D, although the 
frequencies were approximately 5% less for the five, six and seven 
year olds. Only at age eight do the subjects show a marked recog- 
nition of the different nature of the two sets of shapes. 

The differences in the 'NO' responses (c.f. Figure 7c) for 
age levels 4-7 years are not as consistent as they are for the 


"'YES' responses. This is accounted for by the variations, shown in 
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Figure 7a, of the 'NO REPLY' responses. The percentage of 'NO' pre- 
dictions was greater at all age levels for shapes E and F. 

In Figure 8 a comparison is made between the prediction per- 
formances of the sample for shape E and shape F. The broken line of 
Figure 8a shows that three year olds gave the same percentage of 
"NO REPLY' responses for both shapes. However the responses for F 
were less than those for E at the four, seven and eight year levels 
respectively. This means that a greater percentage of these age 
groups made predictions, correct or incorrect, for shape F than was 
the case for E. The five and six year olds, on the other hand, made 
25% more 'NO REPLY' responses for the second problem than for the 
first, and as a consequence, made fewer predictions about shape F 
than they made for shape E. 

As indicated in Figure 8b, fewer incorrect predictions about 
shape F were made by all age groups than were made for shape E. 

Less than 30% of subjects at all age levels incorrectly predicted 
for shape F compared with more than 40% at all age levels (except 
eight years) who predicted incorrectly for shape E. The highest 
percentage of incorrect predictions came from the six year olds for 
shape E, and from the three year olds for shape F. 

The percentage of correct predictions for both shapes are 
compared in Figure 8c. An increase of at least 30% in correct 
predictions at all age levels occurred for shape F, with the greatest 
increases (55%) occurring at the seven and eight year levels. 

Trends shown in Figure 7 indicate that a mental set had 


been established through the experiences with shapes A-D which led 
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subjects to expect that shape E would fold into a box. Figure 8 
indicates that, except at the eight year level, this set is still 
present (but to a lesser degree) after one experience with a shape 
which did not fold. After the experience with shape E the eight year 
Olds made fewer 'NO REPLY' responses, fewer incorrect responses, and 
as reported above, substantially more (55%) correct predictions for 
shape F than they did for shape E. It would appear then that the 
set was extinguished for the eight year olds. 

However, the logic of the actual layouts should not be over- 
looked. Shape E was not very different from shapes A, B or C, 
Since it had a square adjoining a row of squares. Shape F, on the 
other hand, consisted of a single row of six squares with no 
adjoining side squares, and from this viewpoint may be perceived to 
be less likely to fold than shape E, even without the experience 
with shape E. Thus the increase in the percentage of correct pre- 
dictions for shape F may be due to one or both of two reasons, 
namely an extinction of a set established by experience with shapes 
A-D which did fold followed by shape E which did not fold, or simply 


the logic associated with the actual layout of shape F. 


The Verifications 

After subjects had been asked to predict if a shape would 
fold up the interviewer suggested that they verify their predictions. 
Some subjects, having made preliminary manipulations with the fold- 
out shapes, then changed their prediction, or if they had made no 
reply, then indicated that it would not fold. The number of subjects 


in each age group who changed their prediction about shapes E and F 
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TABLE 7 


FREQUENCY IN EACH AGE GROUP OF SUBJECTS VARYING 
THEIR PREDICTION FOR SHAPES E AND F 


Age Groups 
Shape 3 4 5 6 7 8 
E 4 2 5 4 5 5 
F 2 2 5 2 2 J 


With the exception of the four and five year olds, there were fewer 
subjects in each age group who varied their response for shape F than 
there were for shape E. The smaller number of variations for the 
seven and eight year olds was due partly to the decrease in the 
number of incorrect predictions for shape F and the smaller number 

of those who did not reply. Since 60% of five year olds had made 

no reply to the request for a prediction about shape F and none had 
predicted incorrectly, the prediction variations shown in the table 
came from subjects in the former group. The highest percentage of 
incorrect predictions for shape F came from the three year olds. 

Six eight year olds and one five year old predicted correctly 
for both problems E and F, while 29 subjects who incorrectly predicted 
for E gave a correct prediction for shape F. Five subjects made 
incorrect predictions for both shapes. These consisted of two 
three year olds, one four year old and two seven year olds. 


All subjects except those who predicted 'NO' were asked to 
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try to fold the shapes into a box. Twenty-three subjects folded the 
squares of shape E to form an open sided box with a square appended 

to one edge or superimposed on another eauaces These children knew 
the box was incomplete and indicated by word or gesture what was 
wrong with it. When children went as far as they could in forming the 
box and indicated that they could not complete the folding, the 
process was termed to be "Structured." Trial and error efforts 
characterized by random folding and unfolding and which did not seem 
to reveal to the child what was wrong were called "unstructured" for 


the classification scheme shown in Table 8. 


TABLE 8 


DISTRIBUTION OF STRUCTURED AND UNSTRUCTURED VERIFICATIONS 
OF PREDICTIONS FOR SHAPES E AND F 


Age Group 
Shape Type 3 4 3) 6 ch 8 
E Structured 3 4 4 2 3 7, 
Unstructured 4 6 6 7 7 3 
F Structured 6 8 8 5 iS) 4 
Unstructured alt il} 2 2 il - 


Verifications for shape E were predominantly "unstructured" 
except for the eight year olds. The verifications for shape F how- 
ever, were predominantly “structured” for all age levels. This also 


suggests that the experience with shape E or perception of the logic 
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of the shape F format, or both, assisted subjects to identify shape F 


as unfoldable. 


Modifications to Shapes E and F 


Subjects were also asked to modify shapes E and F to a form 
which would fold up. The interviewer asked each subject to identify 
a square (or squares) which interfered with the fold-up process and 
asked him to move the square(s) to a position which would permit 
the shape to fold up. These transformations generally resulted in 
the formation of one or other of the shapes originally presented, 
namely A, B, or C. Table 9 presents the frequencies with which 


shapes E and F were modified to shape A, B or C. 


TABLE 9 


DISTRIBUTION OF FREQUENCY OF FORM OF 
MODIFICATION TO SHAPE E OR F 


Age Group 
Modified 

Shape Shape 3 4 5 6 v/ 8 
A il 2 6 ut 5) 5 

E 2 
‘@ Z 3 3 1 

A 2 4 2 4 5 5 

F ae 3 ih 2 z 

C 3 4 1 i 4 


Of the 74 subjects who modified shapes E and F to one of the 
three fold-out shapes A, B and C, a total of 17 subjects made initial 


transformations which would not fold up, and then proceeded to make 
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correct modifications. Subjects not accounted for in Table 9 either 
were not asked to make modifications (N = 14 for E, N = 5 for F), or 
INmiade *formats which would not fold (N= 4) for Eyj9N = 14 £or PF) jor 
detached squares and fitted these to partially completed boxes 

(N = 6 for E, N = 2 for F), or stacked the squares in piles (N = 2 
for E, N = 4 for F), or the problems were not presented (N = 3 for 
ip = 2 Or EY). 

More than half (57%) of subjects who made successful modifica- 
tions to shapes E and F transformed these shapes to the A format, 
and almost one third (30%) modified their shapes to C. Shape B was 
formed only twice as a modification to E since the side square 
occurred at the end of the format in only 25% of the presentations 
of this shape. Thus, in most instances of shape E, transformations 
to shape B would have necessitated moving two squares, whereas 
shapes A and C could be formed by moving only one square. Shape F 
modifications required two squares to be moved. Both shapes B and 
C occurred more frequently as a result of the transformation carried 
Ole. 

With only one exception, subjects of all ages were able to 
correctly align the edges of squares which were moved to new positions. 
The exception, a five year old girl, attached both side squares so 
that they overlapped with two other squares. It was impossible to 
fold this Layout into a cube. A second attempt to construct a 


shape A layout by this subject was successful. 
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The Folding Sequences 


As each subject proceeded to form the box numerals were 
recorded in the squares corresponding to the order in which they 
were raised. Sequences varied from simple to complicated, and 
depended on whether or not the procedure brought adjacent squares 


into contact, thereby establishing some stable structure. 


A. The sequences for shape A appeared as distinct groupings 


which are indicated by dotted lines in the diagrams below. 


IV V 


The squares in group 1 were raised first, followed by the squares in 
group 2. 

In sequence I the raising of squares 1, 2 and 3 formed the 
outline of the box which enabled subjects to perceive the remaining 
steps required to complete the box. This also applied in sequence IV, 


but the latter required more manual dexterity to bring squares 1 and 
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2 together. 

In sequence II the squares were raised in an anticlockwise 
order. By raising squares 1 and 2, subjects completed half the box. 
The last square to be raised was the one furthest away from the sub- 
ject. 

The two side squares of the A format were raised first in 
sequence III. Since this did not produce a stable structure it was 
usually necessary for the interviewer to hold one of the upright 
squares while the subject raised another square to join with them. 
This same disadvantage applied to sequence V which might best be 
described as a random procedure. 

Subjects using sequences I, II and IV started by partially 
completing the box and therefore got earlier visual feedback than 
those using sequences III and V. Distribution of frequencies for 


the various sequences is shown in Table 10. 


TABLE 10 


FREQUENCY DISTRIBUTION OF FOLDING SEQUENCES FOR SHAPE A 


Folding Sequence 


Age Level ii Jipe AEA IV V 
3 ni 3S) a 2 
4 5 2 i 
5 3 5 a af 
6 7 1 Hi 1 
7 5 i 1 
8 6 2 ik 
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More than one half (51%) of the subjects employed Sequence I. 
Although this group included all age levels, this sequence was used 
in the main by the older subjects. Three and five year olds most 
frequently used the ad hoc sequence II. The random sequence V was 
used by 11% of the subjects, mainly three to five year olds. Thus 
the older subjects tended to identify an organised, structured 
approach to the folding of shape A while the younger subjects 


frequently showed less insight in their construction. 


B. The sequences used to fold shape B also appeared in groupings 


of squares as Shown below. 


IV V 


In sequence I two halves of the box were effectively 
assembled. By simply lifting one of these the box was completed. 
Sequence II showed some initial confusion, but after group 2 


Squares were completely raised the outline of the box was more 
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obvious. Sequence III was a simple rolling action which started at 
one end and continued until the box was complete. 

Subjects who used sequence IV raised squares alternately from 
each end, and like sequence I led to the formation of two half boxes. 
Sequence V was the most complicated, in which squares in the middle 
of the row were raised before the end squares. This necessitated 
lifting half of the format over the assembled section, and appeared 
a somewhat clumsy procedure. 

The distribution of the folding procedures for shape B are 


Shown) 1 able il. 


TABLE 11 


FREQUENCY DISTRIBUTION OF FOLDING SEQUENCES FOR SHAPE B 


Folding Sequence 


Age Level I aie IEICE IV V 
s) 2 al 2 
4 2 2 i 
5 S) 2 2 
6 S 1 it 
U, 5 dls 2 2: 
8 8 i 


More than half (60%) of the subjects who folded shape B employed 
sequence I. These subjects used a systematic folding procedure, 
and were, in the main, subjects aged six to eight years. Sequences 
II and IV, which were mainly used by three to five year olds, 


entailed working with both ends of the array. The rolling action of 
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sequence III was employed by one four year old and one six year old. 


The cumbersome sequence V was used by a seven year old. 


Ce There were fewer folding sequences for shape C than there 
were for shapes A and B. Since shape C was presented in three differ- 
ent forms these groupings represent general patterns. They took the 


following forms. 


I aie I JEAE 

In sequence I subjects formed two half boxes which were then 
folded together to complete the box. Subjects who displayed 
sequence II moves employed three distinct clusters of movements. The 
first square to be moved was that closest to the subject, who then 
moved to the square furthest away. Although the end result was the 
same as for sequence I, namely the closing of the two half boxes, 
sequence II was used less frequently than the first sequence described. 
Sequence III was characteristic of a random elevation of squares 
which produced the box. The distribution of frequencies for these 
fold-up sequences for shape C is shown in Table 12. 

Thirty-four subjects were presented with this format. Two 
of these folded the squares to form piles, and a three year old 
modified the layout to shape A before forming the box. Sequence I 


was employed by 71% of the subjects who were given this shape. 
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TABLE 12 


FREQUENCY DISTRIBUTION OF FOLDING SEQUENCES FOR SHAPE C 


Folding Sequence 


Age Level it atile ADIEAL 
3 3 
4 il 2 
2 dl uf 
6 2 2 ib 
di &} a it 
8 6 il 


Thus almost three-quarters of this group of subjects used a procedure 
in which one half of the box was completed before any other squares 


were raised. 


Dis The following sequences were used to fold up shape D. 
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In sequence I the square closest to the subject was the first 
to be raised. The next step was to raise the back squares. Two and 
sometimes three squares were held together in the vertical plane 
before being moved to their final position. Sequence II, like the 
efficient fold-up procedures of shapes A and B resulted in the forma- 
tion of two half boxes which joined as a result of a simple lifting 
action. Sequence III also resulted in closing two half boxes but 
the construction was more confused when compared with sequence II. 

A rolling action similar to that seen with the previous shapes also 
occurred with shape D and was labelled sequence IV. Subjects 
initially raised squares in the middle of the layout in sequence V. 
This led to some cumbersome folding procedures which were not 
evident in the previous sequences. Sequence VI was a random folding 
of squares. The frequency distribution of folding sequences for 


shape D is shown in Table 13. 


TABLE 13 


FREQUENCY DISTRIBUTION OF FOLDING SEQUENCES FOR SHAPE D 


Folding Sequence 


Age Level iL LL cia IV V VI 
3 3 2 Z 
S 2 Zz 3 il 
5 2 5 ue Ml 
6 il 3 3 1 
7 3 2 4 
8 ul 5 i 2 ul ih 
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A greater variety of fold-up procedures were used for this 
shape by each age group than with any of the previous shapes. 
Approximately one-third of the subjects, drawn from all age groups, 
employed sequence III. Eight year olds used the complete range of 
sequences, although five of these employed the more efficient 
sequences II and IV to construct their cubes. However, the distri- 
bution of sequences for the oldest subjects contrasts distinctly 
with those for the previous shapes. In fact, the dispersed nature 
of the frequencies at all age levels indicates that shape D did not 


present an easily identifiable fold-up procedure. There were three 


subjects, two 3-year-olds and one 8-year-old whose folding of the box 


could best be described as random. Once again the folding of two 
adjacent squares resulted in the formation of a half cube. Four of 
the sequences listed above had this movement as their first or 
second stage of the fold-up procedure, which possibly accounts for 
the large number of subjects who required no help from the inter- 


viewer to complete folding up shape D. 


Summary for the Cube 

1. Subjects three to eight years were able to fold shapes 
A, B, C and D. Although three to five year olds tended to require 
more interviewer assistance than the older subjects, shapes A, B, C 
and D were folded without assistance by 70% or more of the subjects. 

2. There were subjects in all age groups who needed verbal 
or nonverbal cues from the interviewer in order to complete the 
folding of the shapes. 


3. Shape A was folded more easily by more subjects than the 
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other shapes. 

4. Subjects employed a variety of folding sequences for each 
of the four shapes A-D. 

5. Certain folding sequences were used more frequently than 
others. Generally, these were characterized by better visual feedback 
and were more frequently used by the older subjects. 

6. Younger subjects tended to use sequences where squares 
were raised from both ends in close succession, whereas older children 
tended to complete the folding at one end prior to folding at the 
other end of the layout. 

7. Two 3-year-olds and one 6-year-old persisted with a 
stacking or piling behavior. 

8. With the exception of the three year olds, the pattern 
of the 'NO REPLY' responses for shapes E and F was consistent with 
that for the shapes A-D. As the age of subjects increased the 
percentage of this response decreased. 

9. Experience with up to four consecutive instances of 
Shapes awhichvdid = foldminduced ay Seu. whichmledsscub ects aged ethzee 
to seven years to predict that shape E would fold up to a box. 

10. A single experience with a shape which did not fold up 
led to the extinction of this set in subjects at all age levels. 
The greatest effect was observed with seven and eight year olds. The 
correct predictions for shape F from subjects in these age groups 
were substantially higher than for shape E. 

11. Five and six year old subjects made fewer predictions, 


correct or incorrect, about the foldability of shape F than they 
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12. When asked to do so, all subjects modified shapes E and 
F in order to obtain a layout which would fold to a cube. More 
than one half the subjects transformed E and F to shape A as their 
modification. No one transformed these shapes to shape D. 

13. All subjects who were asked to verify their predictions 
proceeded to fold the shape. 

14. In verifying their predictions for shape E, more subjects 
at each age level used an unstructured procedure than used a structured 
procedure. The reverse was the case for shape F. This may have been 
due to the extinction of the set mentioned above, or to a ‘logic' 
associated with shape F. 

15. With the exception of one 5-year-old, subjects of all 
ages were able to align the edges of squares which were moved to new 
positions with sufficient accuracy to permit folding the transformed 


layouts. 


The Tetrahedron 

This problem consisted of three parts. In the first, problem 
G, subjects were given four triangles and asked to construct a tetra- 
hedron. In the other problems, H and I, subjects were required to 
predict if two formats, made from four equilateral triangles, would 
fold into a box, illustrated by a wire frame. The formats for 


problems H and I are illustrated below. 
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Assembling the Tetrahedron - Problem G 

Four equilateral triangles (10 cm side) made of Plexiglas 
with Velcro edging were placed separately on the table and each sub- 
ject was asked to make a box. A wire frame of a tetrahedron was 
used to illustrate the shape of the box to be constructed. (Problem 
G) 

Analysis of the behaviors exhibited by the subjects as they 
attempted to form this regular solid resulted in the following 
categories of solution. 

I. Subject does not form a pyramidal shape. 
II. Subject forms a square pyramid. 
III. Subject forms a tetrahedron with assistance from E. 
IV. Subject forms a triangular pyramid, then adds the 
fourth triangle to close the box. 
V. Subject builds three sides around a base, or forms 
a net which folds up to a tetrahedron. 

In the preliminary exercise to the previous problem subjects 
were given the cube already folded up as well as a wire model of the 
solid. In this case subjects were required to perceive the solid 
through the wire frame only. Initially, subjects who picked up 
triangles from the table had some difficulty in the alignment of 
edges, since the Velcro edges impeded adjusting the position of one 
triangle relative to the other. This difficulty was not so evident 
when the triangles were held on the table and greater control of 


movement was possible. 


No case occurred where the box could not be formed because 
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the edges of the triangle were out of alignment. The distribution 
of categories of assembling the tetrahedron is presented in Table 14. 
Building schemes which resulted in difficulty or failure 
included the following: 
a. standing two triangles in a line and perpendicular to 
the table 
b. standing two triangles perpendicular to each other and 
to the table 
c. forming a net in the form of shape J 
qd. forming a stack or #Hliks of triangles. 
Schemes which resulted in success were just as varied. These 
included: 
e. uSing the frame as a reference and joining two triangles 
along an oblique edge 
f. taking one triangle as base, joining the other triangles 
to the base and bringing their apexes together 
g. forming a net in the form of shape H or an equilateral 
triangle 
h. joining three triangles to form a triangular pyramid, 
cupping this in one hand and inverting to add the fourth 


triangle. 


Verification of the Shape 


When the subjects had formed a shape they were asked to 
verify the construction by comparison with the frame. Verification 
was made (i) by standing the shape and the frame side by side, 


(ii) by inserting the shape into the frame from the side, or 


2 Neat om 
ee hott a Seeing mi 


7 arena “ vahupateth “tine om sono 
pie bet on 


is crelri 
ed a, a ne re ows ¢ . 
Pon OHNO doee Gt wale ibnoncton: ‘netpnedts swt enue ie 
otdss ents os . 

sous 26 W4et oft nl Jos qlee’ 4) 

ce tenula7. to 6] tz xo aoed2 A) pithesiot b 

oxaw daootye ot Bexloewt stodldw semerive 


bebo 


= 


seed? .barve Se Selit 


satiate? Ow gniiiog ans e-em a & ob shaad add watay . as 
oe 


wahe Auph ide, ae mens . : 


edipnniad T6100 sus es Sl cel 2 SL peeets She ois. ABT re 
roiapu ests sleds Ba opnetd ty pth arts og ' 7 hd 


fegeteblinve ite 3o alas 24 gest ett al cafes pais <2 av 
gi stpnaed. . _ nn 
birwier selepiatiad wv oreae at salenets? wart patnbat oe 


(2tual sits fils (rs Se alll nes banett any 4b Sad. okie ¥ 


‘ay sil nial vaste al a 


Categories of Assembling 


TABLE 14 


DISTRIBUTION OF CATEGORIES OF ASSEMBLING 
THE TETRAHEDRON 
(N = 59) 


Age 
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(iii) by placing the frame on top of the shape. If a square pyramid 
was constructed, a comparison was made with the frame which led to 
recognition of the error. The interviewer then demonstrated the 


formation of the tetrahedron. 


Results of the Construction 

As shown in Table 14, nearly one half (46%) of subjects formed 
the tetrahedron without assistance from the interviewer. Two subjects, 
a three and a four year old formed a row of triangles which they 
folded up into a box. Two 4-year-olds, two 6-year-olds and one 
8-year-old formed a triangular pyramid by holding the triangles in 
their hands and proceeded to complete the tetrahedron. Twenty sub- 
jects built three walls around the triangular base and closed the 
top vertices to complete the box. 

The problem was not presented to one 3-year-old. Two 3-year- 
olds folded the triangles into a stack, one 3-year-old formed shape J 
and could not proceed, two 3-year-olds formed part of shape H and 
abandoned the problem while another 3-year-old would not attempt the 
problem. Of the four year olds, two formed shape J formats and did 
not proceed, while the other formed a row of triangles perpendicular 
to the table. One 5-year-old and one 6-year-old also formed shape J 
formats, one 6-year-old simply pushed the triangles into the wire 
frame and one 7-year-old collapsed the triangles and declared that 
41¢ could not be done. In all 22% of the subjects did not form a 
pyramidal shape. Two-thirds (approximately) of these were three and 
four year olds. 


The protocol for this problem required that the subject 
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should observe the assembled tetrahedron before proceeding to prob- 
lems H and J. The interviewer demonstrated one of the methods of 
construction for this shape to those subjects listed in categories 


it Gugyel IL (iN) = il7)) < 


The Predictions - Problems H and J 

The shapes H and J were then presented in turn to each subject 
who was asked if the shape would fold up into a box similar to that 
illustrated by the wire frame. The subject was then asked to verify 
the prediction, or if no reply was given, to try to fold the? box. 

The frequency of each prediction response is recorded in 
Table 15. In each of these problems three 3-year-olds and one 4-year- 
old were not asked to predict. The problem was presented in the 
Form Seesif you can fold this into a box like that.” )Data for both 
problems was not recorded for one 5-year-old when the videotape reel 
had to be changed. The task was abandoned with one 6-year-old who 
persisted with detaching the triangles from the format. 

Graphs for the percentages of 'YES' predictions and the 
"NO REPLY' responses for shapes H and J are shown in Figure 9a and 
Figure 9b respectively. The three and six year olds had not made 
any 'YES' predictions for the foldability of shape H. However it did 
fold to a tetrahedron and this fact may have influenced some subjects 
in these age groups (33% and 22% respectively) to predict 'YES' for 
shape J. Subjects in the four, seven and eight year age groups made 
approximately the same percentage of 'YES' predictions in both 
problems. Whereas 22% of five year olds predicted correctly for 


shape H, none of this group predicted 'YES" for shape J. 
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TABLE 15 


DISTRIBUTION OF PREDICTION RESPONSES 


Problem Age 
H 3 
4 

5 

6 

1) 

8 

J 3 
4 

5 

6 

7 

8 


NR: No verbal reply 
NA: Not asked. 


FOR SHAPES H AND J 


Yes 


Prediction 


No 


NR 
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Percentages of subjects in the four to seven year old groups 
who made 'NO REPLY' responses remained high (60% or more) for both 
problems. This may have been due to several reasons. First, they 
had just completed between four and six problems involving the square, 
so that the shapes were different. Furthermore they had experienced 
up to four consecutive shapes which did fold up and then two which 
did not. There may have been a natural tendency to exercise caution 
which resulted in them making no prediction. Then the unusual nature 
of the tetrahedron, a shape which would not be common to children of 
this age range, possibly proved difficult to perceive from the layout 
of the shapes H and J. Thus some subjects may have made a prediction 
if given more time to think about the problem. 

The only marked changes in the 'NO REPLY' responses were due 
to the three year olds making an increase of 33% in the 'YES' pre- 
dictions when they came to problem J and the eight year olds who 
made an increase of 30% in the correct 'NO' prediction for the 
second problem. Approximately 60% of subjects for both shape H and 
for shape J reserved their responses to this question until they 
had manipulated the material. 

Exploratory investigations with these shapes fell into 
two general categories. In the first, subjects made brief folds and 
gave a quick decision. When the initial folding did not lead to a 
solution, manipulations were Sane ated? and involved folding, 


unfolding and refolding the triangles. 
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The Verifications 
The categories of subjects' behavior while manipulating shape 
H were: 
I. Subject did not fold up the shape. 
II. Interviewer demonstrated and subject copied the fold-up 
procedure. 
III. Subject folds up tetrahedron with assistance. 
IV. Subject folds up tetrahedron with verbal cues. 
V. Subject folds up tetrahedron without any assistance. 

The results for shape H are tabulated in Table 16. Category V 
solutions were obtained from all age groups and totalled 70% of sub- 
jects. The simplest strategy observed to yield a solution was to 
raise one triangle and attach one edge of this to an edge of the 
adjacent triangle. This procedure immediately formed an open 
triangular pyramid, and the tetrahedron was formed with one further 
fold. Another successful strategy appeared when the extreme triangles 
were raised simultaneously (or in turn), and the whole array folded 
about the middle join. 

Shape J was a more difficult task since it required a subject 
to make a modification after recognizing that the shape would not 
fold. A further set of categories was necessary for this problem. 
They were: 

I. Subject identified the square pyramid as a solution. 
II. Subject verified shape not tetrahedron with cues from E. 
a eDid not, restructure. 


b. E assisted subject to restructure tetrahedron. 
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TABLE 16 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE H 
(N = 59) 
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III. Subject verified shape not tetrahedron. Was not asked 
CO restructure. 
IV. Subject verified that shape not tetrahedron with cues 
from E. Restructured to form tetrahedron. 
V. Subject verified that shape not tetrahedron without 
cues. Restructured to form tetrahedron. 
The results of the investigations with shape J are listed 
in Table 17. The problem associated with shape J proved to be a 
difficult one for many subjects. Two subjects reconstructed shape H 
and folded to form the tetrahedron. Three subjects formed a triangular 
pyramid with a flap which, after detaching, was placed in the 
appropriate position to close the box. Seven subjects removed one 
triangle and joined it to the middle triangle to form a large equi- 
laterial triangle which was then folded to complete the tetra- 
hedron. 
Procedures which did not resolve the problem included the 
following: 
a. folding the triangles completely to form a pile, 
b. folding over the two extreme triangles to forma 
rhombus, and 
c. detaching one triangle and rearranging the triangles 


to, formsthe same shape: 


Summary for the Tetrahedron Problems 


1. Subjects from all age groups were able to assemble the 


tetrahedron without assistance given four separate triangles. 


2. More than one half (60%) of three year olds were unable 
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TABLE. 17 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR SHAPE J 
(N = 58) 
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to form a pyramidal shape with the given triangles. 

3. Subjects displayed a variety of procedures for forming 
a tetrahedron with the given materials. 

4. Many subjects found it difficult to visualize how the 
triangles would fit together simply by viewing the frame. 

5. Nine subjects correctly predicted that shape H would 
fold. Four 8-year-olds and one 6-year-old correctly predicted that 
shape J would not fold. 

6. More than 70% of subjects refrained from predicting 
about the foldability of shape H. More than 60% of subjects made 
no prediction for shape J. 

7. Seventy percent of subjects from all age groups were 
able to fold shape H without any assistance from the interviewer. 

8. Twenty-one percent of subjects, ages four to eight 
years, were able to verify that shape J would not form a tetrahedron 
and restructured the shape to form a tetrahedron. 

9. Nineteen percent of subjects, half of whom were three 
years old, identified the square pyramid as the same shape as the 


wire framed tetrahedron. 


The Dodecahedron - Problem K 

Subjects were shown the dodecahedron and asked to unfold the 
shape and then fold it back to its original form. Whereas in the 
previous problems a wire model of the shape was available, no such aid 


was provided with the dodecahedron. 
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Unfolding the Dodecahedron 

Two methods were used to dismantle this shape, namely detaching 
the faces and unfolding the shape. The protocol for this problem did 
not specify the exact statement to be used when introducing this prob- 
lem. Thirty-three subjects were informed that the shape was to be 
rebuilt before they dismantled the dodecahedron and 24 after they dis- 
mantled it. The pentagonal faces of the shape were completely detached 
by 34 subjects, and unfolded and laid out flat on the table by 26 sub- 
jects. 

It was thought that the temporal sequence of instruction may 
have influenced subjects to use a particular method to dismantle the 
dodecahedron. To test this hypothesis a chi square test of signifi- 
cance was carried out on the data for each age group. No significant 


relationship was evident from the results. 


Prediction 

Altogether 32 subjects were asked to predict if they could 
put the shape together again, 24 were not asked to predict, but simply 
to "see of you can put the shape together again." No videotape record 
on prediction was available for the remaining four subjects. Of those 
asked to predict, approximately one half made no reply. Of the nine 
subjects predicting 'YES,' three were 5-year-olds and three were 8- 
year-olds. Six subjects predicted 'NO,' one half of them being 3-year- 


olds. 


Reconstruction Behaviors 


A. Subjects who unfolded the dodecahedron used one of three 
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general strategies to rebuild the shape. The first was to refold the 
layout. This method was used by 11 subjects aged 4 to 8 years. The 
method usually entailed lifting up a section of the layout, comprising 
two, three or four pieces, to join up with faces of the shape which 
were already in position. The interviewer provided support when 
necessary to prevent some of these pieces from collapsing, or adjusted 
joins to make the assembly more stable. One subject employed a rolling 
action to bring adjacent faces of the shape into juxtaposition, a 
method which was appropriate for the format he had obtained. 

A second method, used by six subjects aged 3, 4, 5, 6 and 8 
years, began as a folding-up process. However, inappropriate selec- 
tion led to pieces being raised which would not meet and attempts to 
join incompatible edges. These subjects then detached parts of the 
layout and added individual pieces to the part already assembled. 

Six subjects aged 3 to 7 years had detached two or three 
pieces before unfolding the remainder of the shape. When laid out the 
pentagons were attached in small groups. These subjects folded up one 
of these groups and then added single or double pieces to complete the 
shape. This was the third reconstruction strategy used by subjects. 

Of the remaining subjects, one detached all pieces, formed a 
partial layout, folded this and then added the remaining pieces to 
complete the shape; a 3-year-old detached all pieces and stacked 
them into piles, while the third readjusted the layout into an unfold- 
able format, and could not join the faces of the shape. The inter— 
viewer abandoned the task with this subject. 


ile Three fold-up strategies were used by those who detached all 
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faces of the shape. These consisted of (i) forming a net or layout, 
and folding it up, (ii) forming a partial net, folding this and then 
building onto it, and (iii) starting with a base and building up the 
walls around this base. In addition to these, three other behaviors 
were observed. A 3-year-old formed a layout of 10 pentagons, pointed 
to these inconsistently and counted aloud to 13, after which she turned 
around and approached the interviewer. The 6-year-old who had per- 
sisted with the piling behavior with the squares and triangles, con- 
tinued with this pattern after he had detached all the faces of the 
dodecahedron. A 7-year-old formed a layout which could not be folded 
up. After several attempts to join pieces had failed the interviewer 
abandoned the problem. 

The frequency distributions of fold-up behaviors for subjects 


who detached all pieces of the dodecahedron are shown in Table 18. 


TABLE 18 


FREQUENCY DISTRIBUTION FOR METHODS OF RECONSTRUCTING 
DODECAHEDRON AFTER DETACHING ALL FACES 


Formed net Formed partial Built up 
Age Level & folded up net, folded/rebuilt around base Other 
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More than one half (59%) of those who detached all faces of 
this shape built up the five faces around a pentagonal base as the 
starting point of the reconstruction of the shape. Having completed 
this structure, the shape was completed by adding on individual penta- 
gons. In two instances, two halves were completed and then joined to 
form the dodecahedron. The 4-year-old who formed a net discovered 
that, on folding, some of the edges would not join together. Four 
faces were detached and added individually to the assembly. The 3- 
and 5-year-olds also had similar problems, and minor adjustments 
were performed before the shapes were completed. 

When a pentagon was being added, it was frequently necessary 
for the interviewer to reorient it so that a satisfactory matching of 
edges was effected. After initial demonstrations by the interviewer 
subjects took notice of the dispositions of the Velcro edges and 


rotated the pentagons until an appropriate match was obtained. 


Solutions to the Problem 

As in the case of the previous fold-out shape problems, a 
range of solutions for the reconstruction of the dodecahedron was 
observed. These solution categories were determined by the behaviors 
of the subjects which frequently necessitated verbal and nonverbal 
cues being given by the interviewer, as well as physical support to 
hold unattached faces of the shape. Cues such as "Shall we start 
folding?" and "How about if we start with this," were employed to 
stimulate activity when a subject appeared tentative. Nonverbal 
cues which included raising a piece to join with another and fitting 


a face to part of the assembly, provided visual feedback to subjects 
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who, in most cases, responded by continuing the construction of the 
shape. Categories of solution for Problem K were as follows. 
I. Subject does not respond, or builds piles of pentagons. 
E abandons problem. 
II. Subject requires much encouragement to begin, and makes 
only a minor contribution to the assembly. 
III. E monitors the assembly which is a joint effort by E and 
subject. 
IV. Subject constructs shape with two physical assists, 
verbal cues and support from E. 
V. Subject constructs shape with verbal cues from E. 
VI. Subject constructs shape without assistance. E supports 
faces when needed. 
The behaviors which placed subjects in category I have been described 
previously. In each case the problem was abandoned without a dodeca- 
hedron being formed. Two 3-year-olds and a 4-year-old were very slow 
to respond to the task. To encourage these subjects to participate, 
the interviewer initiated joins and made suggestions about appropriate 
positions for the placement of the next piece. These subjects were 
placed in category II. The frequency distribution of subjects in the 
solution categories is shown in Table 19. 

The sample was dichotemized into two classes of solution 
according to the amount of assistance given to complete the dodeca- 
hedron. Thus a solution in categories I-III was classified asa Partial 
or No Solution. A solution in categories IV-VI was classified as an 


Adequate Solution. From this point of view 60% of 3- and 4-year-olds 
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TABLE 19 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR THE DODECAHEDRON 


VI 
Vv g 

(6) 

“4 

oe 

3 

=) 

@) 

O51 

a) 

p 

{10} 

3 

a 

IV 4 
« 

Iie AL = 
oe 

p 

3 

ar 

Oo 

w 

Oo 

a 

M4 

Oo 

ag IL a 
“4 

15) 

4 

(10) 

oY 

| 


er &idat 


eqracaarad mortiios to WOTtueLATare 


MORGARAOSIGOD BHT ACT 


t Pa ete 


—— ain ——— 


—————— ES 


aottuloe to 2arz0pets2 


found the dodecahedron problem too difficult, while 80% of 5-, 6- and 
7-year-olds had adequate solutions. All 8-year-olds reconstructed the 
dodecahedron with adequate solutions. 

With the exception of those in category I, all subjects who 
added individual pentagons showed an awareness of the need to match 
the Velcro edges. This necessitated the rejection of certain pieces 
when a match could not be made and the substitution of another piece 
with a combination of compatible edges. Subjects in all age levels 
demonstrated this ability. 

A 3-year-old who had assembled three pentagons indicated 
immediate feedback by identifying her structure when she said, "That's 
the same—a box—made a little box." She continued on to complete the 
dodecahedron. A 6-year-old who had detached five pieces from the shape 
looked around and enquired, "Isn't there a metal thing?". On being 
told that a wire frame was not provided for this problem he suggested 
that he begin rebuilding from that stage. However the shape was 


completely dismantled and rebuilt without any assistance. 


Summary for the Dodecahedron 


1. Children 3 to 8 years old were capable of dismantling and 
rebuilding the dodecahedron. However, this problem appeared too dif- 
ficult for the majority of 3= and 4=year-olds. 

2. Dismantling strategies which were used by most age groups 
took the form of detaching all pieces of the dodecahedron, unfolding 
the shape or a combination of these. 

3. Children rebuilt the dodecahedron by refolding the layout 


or by building up the faces around a base. 
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4. When the shape was dismantled by detaching all pieces, 
the most frequent method of reconstruction was to rebuild the faces 
around a pentagonal base. 

5. Children in all age groups recognised the need to attach 
pieces with matching Velcro edges, and reoriented pieces to obtain a 
suitable matching. 

6. Children in all age groups were given verbal cues by the 
interviewer to facilitate the construction. This occurred more fre- 
quently with 3- to 6-year-olds, who also required more physical 
assistance than the 7- and 8-year-olds. This assistance took various 
forms, namely demonstrations of joining pentagons, help in selecting 
Suitable edges to join, and support of pieces attached by only one 
edge. 

7. The dodecahedron required greater hand-eye coordination 
skills than the problems involving the cube and the tetrahedron. To 
facilitate satisfactory conjunctions of the pentagons, the interviewer 
provided more assistance than was needed in the previous problems. 

8. The dodecahedron problem differentiated the 8-year-olds 
from the other age groups more so than the problems of the cube and 


the tetrahedron. 


VERBALIZATIONS 


The behaviors previously analysed were accompanied by verbal 
behaviors which varied from subject to subject. Verbalizations were 
made spontaneously and in response to questions and statements by the 


interviewer. For the purpose of this report only those verbalizations 
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which occurred spontaneously during the solution of a problem will be 


considered. 


Categories of Verbalization 

Verbalizations were closely related to the tasks, and took the 
form of questions for the purpose of clarification, interpretation of 
the tasks, direction of the actions, comments on the materials and the 
tasks, and statements of an imaginative nature. However, eight sub- 
jects made no spontaneous verbalizations, and responded to the inter- 
viewer's questions in a reserved manner. These comprised two 3-year- 
olds, three 4-year-olds, two 5-year-olds and one 6-year-old. 

Six categories of verbalizations were observed during the 
analysis of the videotapes. These were: 

a. Question directed at E. 

b. Monitoring of action. 

c. Problem making or rule changing. 

d. Comments on the materials or the task. 

e. Expression of interest or surprise. 

£. Indications that task was completed. 

The frequency distribution of subjects in these verbalization 
categories is shown in Table 20. 

Questions which were directed at the interviewer varied. A 
3-year-old asked "Where's the game?" A 6-year-old boy enquired 
"Isn't there a — metal thing?" and an 8-year-old girl asked "Isn't 
there supposed to be a picture?" These subjects were looking for a 
wire frame of a dodecahedron similar to the visual aids provided for 


the cube and tetrahedron problems. Another 3-year-old held a stack 
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TABLE 20 


DISTRIBUTION OF SUBJECTS IN VERBALIZATION CATEGORIES 


FOR FOLD-OUT SHAPES PROBLEMS 
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of triangles against the wire frame of the tetrahedron and said "Is 
that the same?" A 5-year-old girl picked up the frame of the cube and 
asked "What's this one?" while another 5-year-old girl asked "Does it 
go over like this?" as she added another pentagonal face to the 
assembly. 

Statements of a regulatory nature occurred during the solutions 
to the fold-out shapes problems. These verbalizations were closely 
related to the tasks and took the form of monitoring actions. For 
example, one 5-year-old, having detached a square from shape E, asked 
himself "Where shall I put this one?" and answered himself by adding 
"Oh, way up here!" and moved the square to a new position. Another 
5-year-old monitored his actions by saying "and now the back," and 
later "and this one up," as he raised squares to form a cube. An 8- 


year-old punctuated her assembly of the dodecahedron with frequent 


comments such as "like this, maybe ...no, .. . it would, wouldn't 
vee S sievthas side like this . . . I think thisvone sticks: here, 
no, that won't fit!" A 4-year-old boy, while raising squares 


in F, monitored his actions with "take them over here," and later 
said "I'll move one over here" and then "and this one" as he adjusted 
the squares to form a layout which would fold. As he rotated the 
layout for problem A, a 3-year-old pondered "I wonder if this one 
works," and then raised the squares necessary to complete the problem. 
Problem making or rule changing occurred most frequently with 
3- and 4-year-olds, and not at all with 7- and 8-year-olds. For 
example; "I'll: pass them to you" and “now it's your turn” indicated 


strategies used by two 3-year-olds to solve a problem. A 4-year-old 
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recognised that shape E would not fold when the shape was presented. 
When asked if it could be folded up he replied "YES" and immediately 
added "but I can tear this piece off, then I can easily make a box." 
Another 4-year-old confidently stated "I can make something" when 
presented with a shape that would not fold, and added "I can make a 
box, a different box." Another 3-year-old girl, after trying to fold 
shape F intovatbox; Said’"I"ean make Pt like that” and “turned her 
assembly on its side, forming four walls with no lid and no base. In 
this way the subject indicated that the shape could not be folded up 
into the required cube. 

Comments on the task and the materials were the most frequently 
occurring verbalizations, and were made by subjects in all age groups. 
Statements varied in length and perception. A 3-year-old tried to 
fold’ shape E and ‘said "I can't. ~ It's “too long.” Talking about the 
same problem another 3-year-old said "That is hard—the two sides 
won't stay up." A 5-year-old girl identified a folding problem by 
saying "now, there's something really wrong here." Another 5-year-old 
referred to the way Velcro attached itself to clothing by saying "You 
have to be careful." Comments from 7-year-olds concerning the trans- 
formations needed to form a fold-up shape included ". . . but I'll have 
to take this one off," "I don't think this will work," and "one thing 
I know—it's not easy." An 8-year-old was inspecting the frame of 
the tetrahedron when he said "if there were one more line there it 
would be a pyramid," and later as he dismantled the dodecahedron he 
said "you can actually tell which is which" and rotated a pentagon. 


Another 8-year-old observed that two pentagons were coming apart during 
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the assembly and commented "It's coming apart." As he apologized for 
the poor fit of some of the joins he made adjustments and then com- 


pleted the task. Four 8-year-olds referred to inadequate or badly 


fitting joins in connection with the cube and the dodecahedron. Other . 


comments about the task by 8-year-olds included "I'm making a good 
BOD .Ot this... andr "i. don!) t.thank, ican do. it.” 

Expressions of interest were evoked by the materials. Interest 
was shown when the materials were related to objects in the child's 
environment. Subjects 3, 5 and 8 years old referred to arrangements of 
shape F as "a house." The result of piling squares was described by 


a 3-year-old as "a wallet." The tetrahedron was referred to as "a 
tent" by a 4-year-old and shape I led to an assembly which was des- 
cribed as "an Egyptian pyramid" by an 8-year-old. Shapes formed with 
triangles by 3-year-olds were referred to as "a car" and "a boat." 
Another 3-year-old said "This could be a car parking lot sometimes" 

as she detached all the pieces of the dodecahedron. A 5-year-old 

who was able to dismantle the dodecahedron commented "I'm going to 

rip out my windows," and another 5-year-old said "I could make a door" 
as he closed one of the faces of the cube. Descriptions of the half- 
assembled dodecahedron included "it looks like a hat" by a 4-year-old, 
and "This looks like a fish bowl" by an 8-year-old. 

The appearance of the dodecahedron evoked facial and verbal 
expressions of surprise. Three and 4-year-olds smiled, while comments 
such as: "Ay-yi-yi," “that's a beauty," "Wow" and "Oh boy" were made 
by 5- to 8-year-olds. 


Verbalizations in category f, namely, indication of task 
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completion was made by subjects in all age groups. Their expressions 


generally took the form of "There," or "I did it." An 8-year-old said 


"I think that might do it—there" as he placed the last pentagon in 
the dodecahedron. A 3-year-old girl completed her assembly of the 
tetrahedron with the statement "Yes—that's the same shape," and 
pushed her pile of triangles into the wire frame. 

The frequency distribution of categories of verbalization for 
subjects in each age group is shown in Table 21. This table shows 
the kind of spontaneous verbalizations made by each subject. Among 
the 3-year-olds, one boy and one girl made no verbalizations. Their 
responses to questions directed by the interviewer were limited to 
"YES," "NO," or no reply. Two 4-year-old girls and a 4-year-old 
boy made no spontaneous verbalizations. Their responses to the 
interviewer's questions were brief, namely "YES" or "NO," or they 
Made no reply at all. One 5-year-old girl and a 6-year-old boy made 
no spontaneous verbalizations. Their evoked responses to questions 
were also brief. All 7- and 8-year-old subjects made at least one 
kind of verbalization. 

Verbalizations by subjects in the fold-out shapes problems 
were classified into six categories. The number of subjects in each 
age group with a specific number of verbalization categories is 
shown in Table 22. 


There were eight subjects who made no spontaneous verbaliza- 


tions. Verbalizations in all six categories were made by a 3-year-old, 


and in five categories by three 3-year-olds, three 4-year-olds, four 


5-year-olds, and three 8-year-olds. These subjects spoke more freely 
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TABLE 22 


DISTRIBUTION OF THE NUMBER OF VERBALIZATION CATEGORIES 
FOR EACH AGE GROUP IN THE FOLD-OUT SHAPES PROBLEMS 


Number of Verbalization Categories Used 


Age 6 5) 4 3 i uf 
3 i 3 2 i a 
4 3 ib 3 
5 4 2 i al 
6 2 4 il 2 
7 L Zz 2 5 
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as they attempted to solve the problems. The 7-year-old subjects had 
the least number of verbalization categories. Seven year olds also 
monitored their actions less frequently than subjects in the other 
age groups. There were subjects in all age groups who conversed 
freely with the interviewer and subjects in each age group whose 


responses to questions from the interviewer were minimal. 


Summary for Verbalization 


1. A variety of spontaneous verbalizations were produced by 
the subjects when solving the fold-out shapes problems. 

2. Verbalizations were task related, involving questions 
about the task or the material, monitoring actions during the solution, 
rule changing, comments about the task or the materials, expressions 
of interest and surprise, and indications that the task was 
completed. 

3. No spontaneous verbalizations were made by the following: 
two 3-year-olds, three 4-year-olds, two 5-year-olds, one 6-year- 
old. 

4. There were more subjects in age groups 3, 5 and 8 years 
with a greater range of categories of verbalization than there were 
in age groups 4, 6 and 7 years. 

5. There were fewer 4- and 7-year-olds who asked questions 
about the task or the materials. 

6. A greater number of subjects monitored their actions in 
the 3, 5.and 8 year groups than in the 4-, 6- and /-year-olds. 

7. Rule changing or problem making behaviors occurred mainly 


in the 3- and 4-year-olds. Subjects over 6 years of age did not 
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want to change the rules. 

8. Comments on the materials and the task was the most 
frequently occurring category in all age groups. 

9. The least number of subjects who made statements showing 
interest in the task or the materials occurred in the 6- and 7-year- 
olds. 

10. With the exception of the 6- and 7-year-olds, more than 
one half the subjects in each age group gave some indication that 
they had completed the task. 


11. Verbalizations in all six categories occurred with one 
3-year-old girl. Five categories of verbalization were used by three 


3-year-olds, three 4-year-olds, four 5-year-olds and three 8-year- 
olds. 


12. The largest number of categories of verbalization used 
by 6- and 7-year-olds was four. Onehalf of the 7-year-olds verbalized 
in only one category. 


13. Subjects in all age groups gave verbal indications of 


interest in the fold-out shape problems. 


THE PROJECTED SHAPES PROBLEM 


This problem consisted of 10 separate tasks each of which 
involved the projection onto a screen of the shadow cast by a wire 


model. Each subject was asked to choose a wire model which would 
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cast a shadow matching a diagram presented on a card, and then to form 
that shadow. 

Of the 60 subjects who were presented with the fold-out shapes 
problem, 30 were given the projected shapes problem. Whereas the first 
of these was concerned with the transformation of a two-dimensional 
net into a three-dimensional solid, the second required a subject to 
transform a two or three-dimensional model into a two-dimensional 
figure. 

The results will be presented in two parts, the first involving 
those problems where the shadows were cast by the circle, rectangle 
and triangle, andthe second part dealing with those problems where the 
shadows were cast by the square pyramid, the tetrahedron and the octo- 
hedron. 

The interviewer demonstrated how to throw shadows onto a 
screen using a hand and then one of the wire models. The subject was 
then asked to make these shadows, and to observe the effect on the 
shadows produced by moving the hand and the wire model. The tasks were 


then presented in a fixed sequence. 


A. The Plane Shapes Wire Models 


The models had the following shapes. 
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The shapes which were drawn on separate cards had the following 
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(iv) 


Prediction for Shapes (i)-(iv) 


These shapes were drawn on cards and presented individually 
to each subject, who was asked to choose the appropriate wire model. 
Eleven subjects were given a choice from six models, the plane models 
and the three-dimensional models. The remaining 19 subjects selected 
from the plane models. 

The circle was selected as the appropriate model to cast an 
elliptical shadow by 25 subjects. No record was available of the pre- 
dictions made by one 7- and one 8-year-old. Two 3-year-olds chose 
model c, the triangle, and were then given model A by the interviewer, 
while a 7-year-old selected model B and later C before being cued to 
use model A. 

The rectangle was the model appropriate for the production of 
shape (ii), and was selected by 28 subjects. One 3-year-old and one 
6-year-old chose C. The former was offered model B, but the 6-year- 
old proceeded to experiment with models E and F before selecting B. 


Shape (iii) was produced by using model c. This was selected 
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by 29 subjects, with one 3-year-old trying model A before finally 
selecting C. 

It was possible to produce shape (iv), the straight line, with 
each of the models A, B, and Cc. This problem was not given to one 
3-year-old. The interviewer suggested to seven subjects that a par- 
ticular frame be used, and therefore they were not considered to 
make a choice. Models A and B were selected by six subjects and model 
C by 8 subjects. Two subjects, one 4- and one 7-year-old, selected 
from the three-dimensional models, before being cued to use the circle 
by the interviewer. 

The selection of appropriate wire models for producing the 
shapes (i)-(iv) was not a difficult task for this sample of subjects. 
From a total of 108 predictions, only six were inappropriate. The 
acute angles of the triangle and the parallelogram were similar in 
Size. The two subjects who selected model C to cast a shadow of a 
parallelogram may have been concentrating on one part instead of the 


whole of the figure. 


The Results 

In each of these problems subjects looked at the figure to be 
produced and then turned to the table and viewed the wire models. 
Following the selection of a wire model, subjects cast shadows by 
holding the frame in the beam of light. The 3- and 4-year-olds in 
particular had to be prompted to hold their hands away from their 
bodies so that the shadows could be observed. 

Assistance in producing the required shadow was given by the 


interviewer. “Verbal cues such as "Turn it around," "Hold it down in 
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the corner" and "Try using this one" were noted. When a subject was 
close to producing the required shape but did not seem to recognise 
the appropriate move, the interviewer assisted by turning the subject's 
hand, or actually demonstrated how the shape was formed. 
The solutions for each of the projected shapes problems were 
categorized as follows. 
I. Subject did not make the correct shadow. Task abandoned. 
II. Subject made shadow after demonstration. 
III. Subject made shadow with manual assistance from E. 
IV. Subject made shadow with verbal cues only. 


V. Subject made shadow without assistance. 


(i) The Ellipse 


The distribution of categories of solution for the ellipse 
(shape (i)) is shown in Table 23. The 3-year-old in category I chose 
the triangular model after a long pause, and then responded to the 
cue from the interviewer to use the circle. However, he did not make 
any shadow, sucked the wire model and gazed around the room. Another 
3-year-old also selected the triangle which was replaced by the circle. 
This was rotated to form a ‘straight line' shadow. The interviewer 
turned this subject's hand, and together they produced both a vertically 
and a horizontally oriented ellipse. Demonstrations were given to two 
4-year-olds and a 7-year-old, who then replicated the interviewer's 
actions. 

Subjects held the circular wire model in a variety of ways. 
When suspended from the top, a rotation about a vertical axis was 


easily produced. If it was gripped at the side, a rotation about a 
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TABLE 23 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR THE ELLIPSE 
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horizontal axis was possible. In Table 24, where these orientations 
of the ellipse have been described as horizontal, vertical and oblique, 


the distribution of orientations for the 27 subjects is shown. 


TABLE 24 


DISTRIBUTION OF ORIENTATIONS OF ELLIPSE 


Orientation of Ellipse 


Age Horizontal Vertical Oblique 
S) il 3 
4 2 2 1 
5 4 ah 
6 2 3 
# s iL 
8 2 al i 


The shape displayed on the card had its major axis horizontally 
oriented. One half of the subjects produced an elliptal shadow whose 
orientation was similar to that displayed on the card. Subjects who 
formed an ellipse which was vertically oriented and then changed to a 
horizontal form at the interviewer's suggestion included two 3-year- 
olds and three 6-year-olds. Two girls, aged 5 and 8 years, transformed 
their ellipses without any cues. 

Rotation of the wire model within its own plane was a behavior 
which occurred with subjects 3 to 5 years old when the interviewer 
suggested that the model be "turned around." This behavior carried 


over into later problems. 
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(Gills ane: Parallelogram 


When the wire rectangle was held in a vertical plane, a 
rectangular shadow was formed. It was necessary to adjust the model 
to lie in an oblique plane for a parallelogram to be projected on the 
screen. For this reason solutions which consisted of rectangles 
oriented horizontally, vertically or obliquely were listed in category I. 
The solution categories for the ellipse were employed to classify the 
responses for this problem. Their distribution is reported in Table 25. 

When the rectangular model was supported by one of its short 
Sides and this was held vertically or obliquely, it was difficult to 
control the adjustments. A 6-year-old girl experienced this difficulty, 
but reached a satisfactory solution after a demonstration by the inter- 
viewer. This subject is reported in category II. There were no sub- 
jects who received manual assistance from the interviewer. For this 
reason category III was omitted from Table 25. 

Two 3-year-olds and one 4-year-old were successful in projecting 
parallelograms without interviewer assistance, and matched the perfor- 
mance of all the 7- and 8-year-olds who had category V solutions. 

In four cases, one 6-year-old and three 8-year-olds, the 
horizontally oriented shadow was produced in a reflected form, that 
is, with the shorter sides sloping in the opposite direction to that 
in the figure. These were accepted as solutions. One 8-year-old 
subject recognised this and tried to obtain the given form. This was 
not achieved until assistance was provided by the interviewer. 

The parallelogram was produced with a variety of orientations 


which have been classified as horizontal, vertical and oblique according 
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DISTRIBUTION OF SOLUTION CATEGORIES 
FOR THE PARALLELOGRAM 
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to the direction of the longer sides. Table 26 shows the distribution 


of these orientations in the solutions to this problem. 


TABLE 26 


DISTRIBUTION OF ORIENTATIONS OF THE PARALLELOGRAM 


Orientation of Parallelogram 


Age Horizontal Vertical Oblique 
3 i a 
4 a8 i i. 
5 iL 
6 2 
a 2 3 
8 3 2 


The 7- and 8-year-olds formed equalnumbers of horizontally and 


obliquely oriented parallelograms. 


(iii) The Equilateral Triangle 


There were only two instances in which subjects either failed 
to select the correct model or had difficulty in forming a shadow 
which closely ressembled the given figure. The first of these, a 3- 
year-old girl, selected the wire circle which she carried to the 
screen and superimposed over the diagram. Asked if that would make 
the same shape she replied "Yes." The subject was prompted to choose 
another model, whereupon she selected the triangle and tried to carry 
it to the screen, presumably to superimpose it on the diagram as she 


had done previously. The interviewer proceeded with the next problem. 
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The second case was a 6-year-old boy who had difficulty reproducing an 
equilateral triangle although he was able to form a scalene triangle 
on the screen. The interviewer adjusted this subject's hand so that 
the required shape was produced. All subjects except two had category 


V solutions. The 3- and 5-year-olds had category I and II solutions 


respectively. No solution category table has been included. 


(iv) The Straight Line 
A shadow in the form of a straight line was produced by holding 


one of the three models in a horizontal plane. Solutions which did 

not involve assistance from the interviewer were obtained by 18 sub- 
jects. The circle was selected by one 6- and one 7-year-old, and 

three 8-year-olds. The rectangle was employed by two 6-, four 7- and 
two 8-year-olds, while the triangle was chosen by a 4-year-old, two 

5- and two 6-year olds. Approximately one half of this group projected 
the straight line using the wire rectangle. 

The longer sides of the rectangle constituted a prominent 
feature of this model. This possibly attracted the attention of some 
subjects who were scanning the wire models in search of a straight piece 
of wire. A 3-year-old subject simply produced a shadow of a rectangle 
as his solution. A 5-year-old obscured two sides of the triangular 
model by holding it in both hands and projected the shadow of the 
remaining side to superimpose it on the figure of the straight line. 

The square pyramid and the octohedron were selected by a 4- 
year-old and a 7-year-old respectively. In the case of the first 
subject the interviewer demonstrated a solution, while a verbal cue 
was sufficient to help the second subject arrive at a solution. 


The frequency distribution of solution categories for the 
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projected shape (iv) is shown in Table 27. This task differentiated 
the 6- to 8-year-olds from the younger subjects more than the previous 
tasks. Whereas 70% of subjects aged 3 to 5 years had solutions in 
categories I or III, 100% of the 6-, 7- and 8-year-old subjects had 
solutions in categories IV or V. Two 3-year-olds projected a circle 
and a 4-year-old listed in category I projected an obliquely oriented 
ellipse. 

The orientation of the shadows cast by subjects listed in 
categories IV and V was predominantly horizontal. Oblique lines were 
formed by two subjects 7 and 8 years of age. Two subjects, aged 4 and 
8 years, projected vertical lines, and 14 subjects formed horizontal 


lines. 


Summary for Projected Shapes Problems (i)- (iv) 


1. Subjects in all age groups were able to accurately pre- 
dict which models would project shapes (i), (ii) and (iii). 

2. Verbal cues and manual assistance were required by most 
3- to 6-year-olds to arrive at a solution to problems (i), (ii) and 
(isda Ve 

3. With two exceptions, all subjects found shape (iii), the 
satel triangle, the easiest shape to project. 

4. One third of the subjects accepted the rectangle as a 
solution to the problem of projecting a parallelogram. 

5. All 6-, 7- and 8-year-olds obtained a solution to problem 
(iv) without assistance. Thirty percent of subjects aged 3 or 4 years 
projected the straight line with only verbal cues from the interviewer. 


6. The majority of subjects who projected the ellipse and 
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TABLE 27 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR THE STRAIGHT LINE 
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the straight line oriented their solutions to match the orientation 


in the given diagram. 


B. The Three-Dimensional Wire Models 

In the remaining projected shapes problems (v) to (x) subjects 
were required to project shadows cast by a square pyramid, a tetra- 
hedron and an octohedron. Illustrations of the shadows were drawn on 
cards and displayed on the projection screen. The diagrams were 
complex, involved superposition of shadows, and demanded more percep- 
tion and manipulative control than the previous problems. 


The wire models had the following shapes. 


2> LD & 


D E 


The six shapes which were to be produced on the screen were: 


NMA AW & 


(v) (vi) (vii) (yaar ) (ise) (x) 
Each of these shapes may be projected by using one of the models D, E 
or F, and involves the superposition of two or more lines. The results 
for each of these problems will be presented separately, using the 
same categories of solution as those which classified behaviors in 


problems (i)-(iv). 
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Predictions for Shapes (v)-(x) 


Those models initially selected without any cues from the 
interviewer were considered to be predictions, although in 12 instances 
subjects appeared to be sampling the models in a random fashion. 

Seven subjects were given a choice from 6 models. These subjects were 
as follows: one 4-year-old, three 6-year-olds, two 7-year-olds and 
one 8-year-old. As a result of this, one 4-year-old, two 6-year-olds 
and one 7-year-old duplicated a choice which had been made in problem 
(2.351))) 

The problem was abandoned with three 3-year-olds. Of these, 
one was asked to project shape (v), a second was asked to project 
shapes (v) and (vi), and the third was not given any of these shapes 
to project. A fourth 3-year-old was not given shapes (vii) and (viii). 
A 5-year-old girl could not be persuaded to engage in these problems, 
although she did choose model C for problem (vii). In the remaining 
problems this subject pushed the shapes around on the table, and the 
tasks were abandoned. Finally, no record was made of an 8-year-old's 
solutions to problems (vii) and (x). A total of 121 predictions were 
made, of which 87 were correct. 

The distribution of predictions for projected shapes (v)-(x) 
is shown in Table 28. One-third of the predictions for shape (v) were 
correct. These were made by subjects aged 5 to 8 years. Approximately 
one half of the predictions for shape (vi) were correct. These were 
made by subjects aged 4, 6, 7 and 8 years. All predictions for shape 
(vii) were correct. More than 90% of the predictions for shape (viii) 


were correct, although only one of the three subjects who chose model D 
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TABLE 28 
DISTRIBUTION OF PREDICTIONS OF MODELS FOR PROJECTED SHAPES (V)-(X) 


Age Group 
Shape 
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actually produced shape (viii). With one exception, all predictions 
for shape (ix) were correct, while more than 85% of the predictions 
for shape (x) were also correct. 

The proportions of correct predictions for shapes (v) and (vi) 
were small. These problems were the first of the complex type, and 
the alternative models for these problems were strong distractors. 
The correct model for shape (vii) was readily identified, although 
this shape was also produced with model D by the two subjects who chose 
it. The high proportion of subjects selecting model F for shape (x) 
may have been due to subjects associating the greater number of lines 


in the figure with the number of edges of the octohedron. 


The Results 
The categories of solution for these projected shapes problems 
are the same as those used to classify solutions to problems (1i)-(iv), 
namely: 
I. Subject did not make the correct shadow. Task abandoned. 
II. Subject made shadow after demonstration. 
III. Subject made shadow with manual assistance from E. 
IV. Subject made shadow with verbal cues only. 
V. Subject made shadow without assistance. 


The results for problems (v)-(x) will be discussed in seriatim. 


Shape (v) 


The distribution of categories of solution is shown in Table 
29. This problem was not presented to one 3-year-old for whom demon- 


strations were necessary in the earlier problems. Another 3-year-old: 
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TABLE 29 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTED SHAPE (V) 


Age 


38 


39 


stacked the frames and did not attempt to solve the problem. A 4-year- 
old became excited as the interviewer assisted him to bring about the 
coincidence of lines. This subject insisted on completing the 
remainder of this problem without help. In contrast, another 4-year- 
old continued to play with the frames after a solution had been 
demonstrated, and did not complete the task. 

All subjects 3-6 years old had difficulty in obtaining coin- 
cidence of lines with this problem. Two 4-year-olds, one 5- and 
one 6-year-old reached a solution with assistance, and two 6-year- 
olds projected the shape after a demonstration by the interviewer. 

The 7- and 8-year-olds displayed greater control in their 
movement of the model. The majority of these subjects obtained solu- 
tions with minimal or no assistance from the interviewer. 

The diagonal in the figure was an oblique line. Orientation 
of the projected shadows varied. The diagonal was made horizontal by 
one 4-year-old, one 5- and one 7-year-old. Vertical diagonals were 
produced by one 6- and one 8-year-old, while oblique diagonals were 
produced by one 4- and one 6-year-old, three 7-year-olds and four 
8-year-olds. In four cases the direction of the oblique diagonals 


was reversed. 


Shape (vi) 

The distribution of solution categories is shown in Table 30. 
This problem was not presented to two 3-year-olds and one 4-year-old. 
With three exceptions, all subjects 3 to © years of age found this 
shape too difficulty to reproduce. Only the 7- and 8-year-olds and 


one 3-year-old demonstrated the manipulative skills necessary to 
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TABLE 30 


DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTIVE SHAPE (VI) 
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produce this shape. Two subjects who were given all six models 
from which to choose, selected model C, the equilateral triangle. 
These subjects apparently were attracted to the triangle which 
appeared in the interior of the figure. One of these subjects res- 
ponded to cues and substituted model D. However the required shape 
was not produced by this subject. 


Three 5-year-old and two 8-year-old subjects formed correct 


shapes with oblique orientations. Another subject, aged 7 years, pro- 


jected a shadow which was a 90° rotation of the required shape. This 
was identified by the subject who made the adjustments necessary to 


rectify the orientation of the shadow. 


Shape (vii) 


Projected shape (vii), the equilateral triangle, was readily 
identified with model E, the tetrahedron. The distribution of cate- 
gories of solution for this shape is shown in Table 31. The problem 
was not presented to four 3-year~-olds and one 8-year-old. Five 
subjects in category I were unable to adjust the orientation of the 
model necessary to bring the sides into coincidence, although they 
had selected the correct model for this task. Successful solutions 
by a 4-year-old and a 7-year-old were obtained by employing model D. 
Two solutions were obliquely oriented with respect to the given 


figure, and another solution was a 180° rotation of this shape. 


Shape (viii) 
This problem was not presented to four 3-year-olds and one 


4-year-old girl. The distribution of solution categories for shape 
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DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTED SHAPE (VII) 


Age 
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(viii) is shown in Table 32. Since the interviewer did not provide 
any Manual assistance, there were no solutions in category III, and 
this section was omitted from the table. Approximately 20% of the 
subjects did not obtain coincidence of the’ lines at “the base of the 
shadow. These subjects were listed in category I. The shadow pro- 
jected by one 5-year-old girl was approaching coincidence when she 
concluded her activity. After a demonstration by the interviewer a 
6-year-old projected the required shape. 

Verbal cues assisted one 3-, one 7- and two 8-year-olds to 
achieve coincidence of the base lines. A solution without assistance 
was obtained by 60% of the subjects aged 4-8 years. Model D was used 
by one subject to project this shape, while the two subjects who 
selected model F produced solutions when given the correct model. 

An oblique orientation of this shape was projected by the 
3-year-old, one 6-, one 7-year-old and two 8-year-olds. By holding 
the tetrahedron at one of its vertices, subjects were able to exercise 
good control over the rotation of the model and to obtain correct 
orientation. 

Shapes (vii) and (viii) were produced unaided (category V 
solution) by subjects 4-8 years in marked contrast with the results 


for shapes (v) and (vi), where only 7- and 8-year-olds were able to 


achieve this. 


Shape (ix) 
The distribution of categories of solution for shape (ix) is 


shown in Table 33. This problem was not presented to three 3-year-olds 


and one 4-year-old. 
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DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTED SHAPE (VIII) 


Age 
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DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTED SHAPE (IX) 
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This problem sharply differentiated the 7- and 8-year-olds 
from the rest of the subjects. One-third of the sample of children 
were able to produce a solution with either assistance or demonstration 
from the interviewer. 

Obliquely oriented solutions were made by one 5-, one 7- and 
one 8-year-old subject. The orientation of shape (ix) was identified 
by one 7-year-old who referred to the 'X' in the figure. 

Model D was preferred by subjects 6-8 years for this problem. 
It was possible that some had encountered this shape while solving 
the shape (v) and shape (vi) problems. One 7-year-old coummented "I 
had that before," as the card for this problem was presented to him. 
A 4-year-old who selected from six models available to him, chose 
model C. This subject replicated the solution demonstrated by the 


interviewer. 


Shape (x) 

As shown in Table 34, 60% of the sample obtained category V 
solutions, that is, they produced the shape without interviewer assis- 
tance. These subjects were evenly distributed over the age range 4-8 
years. Only one 3-year-old was unable to obtain coincidence of 
shadows. The other 3-year-old could not obtain a solution since she 
had selected model D, and did not attempt to try the other models 
available. One-third of the sample, ages 4-7 years, required inter- 
viewer assistance or demonstration before a solution was obtained. 

Whereas the 4- and 5-year-old subjects with category V 
solutions made several turns before reaching the required shape, the 


7- and 8-year-olds, with greater control of movement, obtained 
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DISTRIBUTION OF SOLUTION CATEGORIES 
FOR PROJECTED SHAPE (xX) 
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solutions with a minimum of effort. 

Obliquely oriented shapes were projected by two 5-year-olds, 
two 7- and two 8-year-olds, and two 7-year-olds formed shapes which 
were 90° rotations of the given shape. 

Examples of some of the configurations which were obtained for 
shapes (v)-(x) are illustrated in Figure 10. These were the best 
shadows cast by subjects for whom further manipulation led to a less 
satisfactory solution. In some cases more control of movement and 
hand-eye coordination could have led to a minor adjustment needed to 
reach the required shape. In other cases the wrong model was selected 


for the task. 


Some Observations on Visual Behaviors 

Eye movements of subjects were observed during the solution 
of the projected shapes problems. All subjects initially looked at 
the card displaying the given shape when it was presented to them. 
Their attention was then drawn to the wire models assembled on the 
table. Some subjects glanced occasionally at the card prior to 
selecting a model. It may be surmised that these subjects were com- 
paring characteristics of the model with features of the given shape 
in order to identify the most appropriate model to use for the task. 

Those eye movements which occurred after a subject had com- 
menced forming shadows on the screen were of some interest. These 
visual behaviors tended to fall into the following categories. 

A. Concentrated on shadow. 

B. Looked at shadow with infrequent glances at the card. 


C. Alternating glances at model and shadow. 
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FIGURE 10 


SAMPLE OF CATEGORY I SOLUTIONS - PROJECTED SHAPES PROBLEMS 
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D. Alternating glances at shadow and card. 


The pattern of visual behaviors was not constant for a particu- 


lar subject, since their behaviors changed from shape to shape. For 
this reason a numerical analysis of these behaviors was not performed. 
The different categories of visual behavior shown above appeared to 
be indicative of functional thinking. For example, a subject who 
retained a mental picture of the shape to be projected, and was able 


to make adjustments to the position of the model without looking at 


it was displaying a category A behavior. Subjects who reinforced their 


mental pictures of the shape to be formed by looking at the card at 
irregular intervals were displaying category B behaviors. Category C 
behavior allowed a subject to note the correspondence between move- 
ments of the model and changes in the shadow projected on the screen. 
Category D behaviors enabled subjects to monitor the changes produced 
in the shadow, and thus determine whether the strategy employed was 
leading towards the required shape. 

The visual behaviors of subjects for the projected shape (v) 
problem are shown in Table 35. Categories A-D listed above were 
used, and behaviors which did not fall into these were denoted as 
OTHER. For example, one 3-year-old looked from the shadow to the 
model and then to the card. This behavior was repeated and was a 
combination of categories C and D. The other 3-year-old and the 
4-year-old glanced around the room and did not focus attention on 
the problem. 

The most frequently observed visual behavior for this problem 


was category A, concentration on the shadow. However, it should be 
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noted that category B behaviors may have gone undetected when the 


shadow was projected in close proximity to the display area. 


TABLE 35 


DISTRIBUTION OF CATEGORIES OF VISUAL BEHAVIOR 


FOR PROJECTED SHAPE (V) PROBLEM 
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Verbalizations 


The projected shapes problems generated similar spontaneous 
verbalizations to those that were observed in the fold-out shapes 
problem. However, subjects appeared to be more absorbed in the pro- 
jection tasks than in the fold-out tasks. ail indications that the 
task had been completed were given by seven subjects and there were 
no instances where subjects attempted to change the rule or make other 
problems. 

The categories used for classifying the verbalizations for 
both the fold-out shapes problems and the projected shapes problems 
are listed below. 

a. Question directed at E. 


b. Monitoring of action. 
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c. Problem making or rule changing. 

d. Comments on the materials or the tasks. 

e. Expressions of interest or surprise. 

f. Indication that task was completed. 

The distribution of subjects in these categories is shown in Table 36. 

Questions were directed at the interviewer by subjects in all 
age groups. The questions related to the materials and the shadows. 
For example, a 3-year-old formed a shadow and asked, "Will that one 
do?" “How do you put this one together?" was asked by another 3-year- 
Old as she picked up the square pyramid. The coincidence of lines on 
the screen prompted a 5-year-old to ask, “How do you make them 
Shadows?" and added later on, "Well, tell me where the lines have 
gone." The question "What happens if you do it like this?” froma 
6-year-old could be described as rhetorical, since the answer was 
projected on the screen. When asked to form an ellipse, an 8-year- 
old said as she picked up model A, "How do I make it oval?—Stretch 
it?" Responses evoked by the interviewer's questions were limited to 
IVES om = NO." 

Statements were classified in category b if they described or 
accompanied a behavior. These statements were distinguished from 
category d statements by their function, namely, a regulation of the 
behavior. Instances of this type of verbalization were as follows. 
"There," as a 6-year-old turned the model and watched the shadow 
changing. "I'll try this one" came from a 5-year-old as she picked 
up model D. A 4-year-old reached out to superimpose his shadow on 


the card, and as he did so, said "Down there." 
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Verbalization Categories 


TABLE 36 


DISTRIBUTION OF SUBJECTS IN VERBALIZATION CATEGORIES 
FOR PROJECTED SHAPES PROBLEM 


$53 
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There was no evidence of rule changing or of problem making 
by this sample of subjects. 

Statements about the material and the task were made more 
frequently than statements in the other categories. Responses to the 
problem of projecting a straight line included "We don't have one" 
from a 3-year-old, "I can't do that" from a 4-year-old, "None will do 
that . . . none of them is a straight line" from a 5-year-old, and 
"OQ dear, it's a straight line" from an 8-year-old. 

Category e verbalizations were made by three subjects. 
Shadows were described by a 4-year-old as "a boat," and by two 5- 
year-olds as "like a bagpipe" and "like a kite." 

Verbalizations which indicated that the task had been com- 
pleted were very brief. The 3-year-olds emphasised their solutions 
by saying "Like that, see?" and "See." The 5-, 6- and 7-year-olds 
concluded their problem solving with "There," while the 8-year-old 
turned to the interviewer and said "Hey—I did it—I did it." 

The frequency distribution of categories of verbalization 
for subjects in each age group is shown in Table 37. The kinds of 
spontaneous verbalizations made by each of the 18 subjects are shown 
in this table. Subjects generally did not exhibit the variety of 
verbalizations as shown on page 113 for the fold-out shapes problems. 
One 5-year-old had five categories of verbalizations, while two sub- 
jects, ages 3 and 8 years, had verbalizations in four categories. 
There did not appear to be any pattern of verbalization displayed in 
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Time Taken for Problems 

The times taken by subjects to complete each problem were 
measured, and the mean time for each age group with each problem was 
calculated. No patterns emerged of a relationship between age and 
the time taken to complete the problems. However, problem (iii), 
the projection of the equilateral triangle had the least mean time 
of 7.0 seconds, with a range of 3-34 seconds for the whole sample. 
Problem (v), the projection of a square with one diagonal, had the 


greatest mean time of 49.6 seconds and a range of 15-125 seconds. 


Summary for Projected Shapes (v)-(x) 


1. Subjects made predictions by choosing those models which 
seemed appropriate for projecting the given shape. Correct pre- 
dictions for problems (v) and (vi) were made by approximately 33% 
and 50% respectively of the subjects. The ages of these children 
ranged from 6-8 years. 

2. All subjects except one 3-year-old predicted correctly 
for problem (vii), the triangle. Correct predictions for problems 
(viii)-(x) were made by more than 85% of all subjects. 

3. Subjects 5-8 years of age were more consistent predictors 
of the correct models for problems (vii)-(x) than the 3- to 4-year- 
olds. 

4. Those problems with triangular boundaries, namely (vii) 
and (viii), were solved by approximately 75% of the subjects 4-8 
years old. 


5. Problem (x) with triangular components, was solved by 


more than 70% of subjects 4-8 years old, and by one of the 3-year-olds. 
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6. Problems (v), (vi) and (ix), with square boundaries, were 
solved by the majority of 7- and 8-year-olds without assistance, or 
with verbal cues. 

7. The 4- to 8-year-olds who solved problem (x) without assis- 
tance were evenly distributed over the age range. 

8. The 6- to 8-year-old subjects in general showed better 
control in adjusting the position of the models than the 3- to 5-year- 
olds. 

9. Subjects verbalized spontaneously while they interacted 
with the materials. The most frequent verbalizations concerned the 
materials and the tasks. 

10. No attempts were made to change the rules or to create new 
problems with the projected shapes. 

11. Fewer subjects indicated verbally that they had completed 
the task, than was the case with the fold-out shapes problems. 

12. The range of categories of verbalization used by individual 
subjects was less than that for the fold-out shapes problems. 

13. Subjects appeared to concentrate on the task rather than 
talk during the projected shapes problems. This may have been due to 
the necessity to focus on a screen 50-70 cm away from their hands. 

14. The projected shapes problems did not generate as many 
categories of verbalization as the fold-out shapes problems. There 
were no instances of rule or problem changing, and with the exception 
of one 4-year-old and two 5-year-olds, there were no expressions of 


interest or surprise evoked by this problem. 
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II. THE REFLECTION PROBLEMS 


Object Reflection Problems 


Four separate tasks were given to sixty subjects in this 
investigation. Each task required a steel ball to be released from 
a shooter in an attempt to tip over a toy bear. In the first two 
problems the ball was required to make one bounce off the rubber 
wall before tipping the bear. Two bounces were required prior to 
tipping over the bear in the second two problems. The subjects were 
required to manipulate the materials and to make direct shots at the 
bear before performing the four tasks. 

The purpose of this problem was to investigate the predictive 
behaviors of children aged 3-8 years in situations where the laws of 
reflection were involved. The predictive behaviors of these children 
were measured in terms of the adjustments made to the direction of 
the shooter. The results of the subjects' efforts in releasing the 
steel ball and their verbalizations for each of the problems are also 


recorded. 


Predictive Behaviors 

There were two transformations which could be performed in 
this problem. The shooter could be rotated about a pivot and the 
shooter could have its pivotal axis translated, that is the pivot 
point could be moved to another hole. One or both of these transforma- 
tions were used by subjects in their attempts to aim the shooter to 
tip the bear under the stated conditions. Translations of the shooter 


were not employed as frequently as rotations. 
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Subjects were permitted at least five attempts at tipping the 
bear. Each attempt was rated 'positive' or 'negative' in the following 
way. When the initial aim was such that the ball approached the bear 
under the prescribed condition, it was rated 'positive.' The same 
rating was given when a rotation of the shooter took the path of the 
ball towards the bear. When the ball was released directly at the 
bear or in a direction perpendicular to a wall, or away from the 
bear, the attempt was rated 'negative.' A negative rating was also 
given when no change was made to the direction of the shooter. Each 
problem attempted by a subject was then scored '+' or '-' according 
to whichever sign was predominant in the first five shots. 

The prediction behaviors for this sample of 60 subjects are 
shown in Table 38. The results for one 3-year-old were not recorded 
due to a malfunction in the recording system. Other spaces in the 
table indicate that the problem was abandoned for that subject. If 
an excess of '+' signs in the results of a subject is an indication 
of successful prediction, then approximately 25% of the sample dis- 
played some understanding of the strategies needed to improve the 
direction of the shooter. 

Table 39 shows the distribution of number of problems with 
positive predictions for each age group. With the exception of two 
4-year-olds whose scores exceeded those of the 5- and 6-year-olds, 
and two 7-year-olds, who scored better than the 8-year-olds, there 
is a definite pattern of development in predictive ability with age 


shown in this table. 
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TABLE 38 


PREDICTION BEHAVIORS BY ALL SUBJECTS FOR 
OBJECT REFLECTION PROBLEM 
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+: Three or more correct predictions in the problem. 
~-~: Less than three correct predictions in the problem. 
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TABLE 39 


DISTRIBUTION OF POSITIVE PREDICTIONS 
IN THE OBJECT REFLECTION PROBLEMS 


Number of Correct Predictions 


Age Group 4 8 2 1 6) 
3 Z ti 
4 1 i) ¥ it 
5 3 3 4 
6 1 5 4 
A 2 4 1 2 al 
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Results 


The distribution of subjects and the number of problems 


attempted is shown in Table 40. 


TABLE 40 


DISTRIBUTION OF PROBLEMS ATTEMPTED FOR EACH AGE GROUP 


eS Se 
Number of Problems Attempted 


Age Groups 4 3 2 
3 2 2 5 
4 2 5 3 
5 6 2 2 
6 2 5 3 
I} Ss) uh = 
8 y 3 = 


The fourth problem was not attempted in the case of one 7-year- 
old and three 8-year-olds. These subjects did not display a compre- 
hension of the strategies needed for improving their aim, and did not 
respond to the assistance provided by the interviewer. 

A subject's purpose in each of these activities was to tip 
over the bear. On that basis the following list of categories was 
used to classify the solutions of subjects solving this problem. 

I. .Subject does not tip the bear in any problem. 
TI. Subject tips the bear in one problem. 

Lil. s,subject tips the bear im two .problems. 

iV. , Subject, tips the bear Jinuthree problems. 


V.4 Subject tips the bear in four problems. 
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The distribution of subjects in the solution categories is 
shown in Table 41. There were no subjects who tipped over the bear 
in each of the four problem in five or fewer attempts. Three tips 
were scored by 5% of the sample. These were aged 7 and 8 years. A 
total of 13% scored two or three tips, and almost 40% did not tip the 
bear once in the prescribed number of shots. There was one 3-year- 
old among those who scored twice. However, more than 85% of subjects 
scored in one attempt or did not score at all. 

A number of subjects were permitted to operate the shooter 
more than five times. An analysis of the results for these subjects 
showed that two 7-year-olds and one 8-year-old scored four times in 
10 or fewer attempts, and approximately one-fourth of the subjects 
scored three or more tips under these conditions. On this occasion 


only 17% of the sample remained scoreless. 


Verbalizations 

A wide range of spontaneous verbalizations was evoked by the 
object reflection problems. The same categories used to classify the 
verbalizations in the projected shapes problems were used to analyse 
the verbal behaviors of the 60 subjects in this problem. These were: 

a. Question directed at E. 

b. Monztoring of action. 

c. Problem making or rule changing. 

d. Comments on the materials or the tasks. 

e. Expressions of interest or surprise. 

f£. Indication that task’ was completed. 


The majority of subjects in each age group spoke to the 
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Category of Solution 
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TABLE 41 


DISTRIBUTION OF CATEGORIES OF SOLUTION 
FOR OBJECT REFLECTION PROBLEM ($5 SHOTS) 


V 
Iv | 
M 
Leo ; 
M M M F 
IE M 
M 
F M 
F M F 
| 
a F | | 
F \ 
M F E 
M F F 
3 4 5 6 7 8 
Age 
M: Boy 


interviewer or to themselves during the solving of these problems, and 
a variety of comments within any one category was noted. Questions 
directed at the interviewer were, in the main, asked to clarify inter- 
pretations of the problem, to determine how much a problem may be 
changed, and to seek information. For example, a 6-year-old asked, 
"That wall?", a 7-year-old tested the interviewer with "What if I 
bounce through those blocks?" and "What if I make it in one bounce?" 
while a 3-year-old enquired, "Shall I pull it hard?" 

Thus, statements which monitored a subject's action (cate- 
gory b) included, "I'm going to shoot from here," and "I'll move it 
thistway and “i'm going to try this one." 

Statements from all age groups related this problem to real- 
life situations. A 3-year-old girl remarked "Then I'll put it in 


this hole (nearest to the bear) right here so I can kill it," and an 

8-year-old boy said, "Nowwe'll make a firing squad against this wall." 
Statements about the material or the task were most common 

as in the previous problems. A 5-year-old commented, "Say! I 

didn't do that well!" and a 6-year-old said, "I think that's easy." 

An 8-year-old commented, "I hope it is put out of its misery!" 

Another 8-year-old indicated that he had attained the goal by calling 


out "Bullseye" and a 5-year-old said "I got it.” 


The frequency distribution of subjects in each age group 


and their categories of verbalization is shown in Table 42. Statements 


or expressions which indicated the completion of the task formed the 
category with the least number of subjects. In each of the problems 


the interviewer frequently indicated success by exclaiming "you did 
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Categories of Verbalization 


TABLE 42 


DISTRIBUTION OF SUBJECTS IN VERBALIZATION CATEGORIES 
FOR OBJECT REFLECTION PROBLEM 
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it." This did not stop a 5- and a 7-year-old from concluding the 
problem with expressions such as "I got it." 

Comments about the task and about the materials were made 
frequently by subjects in each age group. These included "I think 
that's hard" from a 7-year-old and "I just wanted it to go like 
that" from a 6-year-old. 

The ee which subjects brought into the situation has 
already been mentioned. An illustration of this verbal behavior 
occurred when a 5-year-old, addressing the ball, said "Watch where 
you are going!" When this subject had difficulty getting the ball 
into the shooter he added "it would like not to get in there." 

Table 43 illustrates the range of verbalizations used by 
each subject for the object reflections problems. One 5-year-old 
boy used expressions in all six categories while another 5-year-old 
and a 6-year-old employed five categories. With the exception of 
3- and 6-year-olds, boys employed a wider variety of verbalization 
categories than the girls. As the age level increased more subjects 
used expressions to monitor their actions. Only the 8-year-olds 
did not make any rule changes for this problem. 

The distribution of the number of verbalization categories 
for each age group is shown in Table 44. Of the sixty subjects in 
this investigation, 13 used only one category of spontaneous verbaliza- 
tion, 10 used two, 9 used three, and 8 used four categories in their 
verbalizing. One-half of the 4-year-olds used only one category of 


verbalization. 
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TABLE 44 


DISTRIBUTION OF THE NUMBER OF VERBALIZATION CATEGORIES 
FOR EACH AGE GROUP IN THE OBJECT REFLECTION PROBLEM 


Number of Verbalization Categories Used 
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Visual Behaviors 

The sequence of initial visual behaviors was partly determined 
by the instructions given for each problem. The interviewer stressed 
the fact that the ball was to be released in such a direction that it 
would tip over the bear after bouncing off one (or two) wall(s). As 
the problem was explained the interviewer would reach over and touch 
the wall from which the ball was to rebound. In each case the sub- 
ject's eyes followed the interviewer's hand as it moved from the 
shooter to the wall and then on to the bear. 

All subjects followed the path of the ball after it had been 
released .to determine the results of their actions. The behaviors 
of particular interest occurred prior to the releasing of the ball. 
Individual behaviors observed were: 

I. S looks at the shooter. 
ity “S looksvateche, wakl(s)i 
bili Sylooks at the bear: 
IV. S looks at EYs hand pointing. 
V.. S looks at Sis finger tracingypathvor bali: 
VI. Some combination of the above. 

The visual behaviors prior to releasing the ball of those 
subjects who were successful in tipping the bear two or three times 
were analysed to determine any common elements. The range of visual 
behaviors for each success are shown in Table 45. 

These subjects centred their attention on the shooter at 
some stage of the aiming procedure. Two 7-year-olds and one 8-year- 


old (subjects C, D and G) used this strategy almost exclusively, 
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TABLE 45 


RANGE OF VISUAL BEHAVIORS SHOWN BY SUBJECTS TIPPING BEAR 
TWO AND THREE TIMES FOR EACH SUCCESS 
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together with a close study of the path of the ball. These subjects 
adjusted the Be eae of the shooter in terms of the proximity of 
the ball's path and the bear: 

The above subjects displayed some eye movements which included 
two or three categories of visual behavior. These included category 
II, looking at the wall, as part of their aiming procedure. Two of 
the three subjects who had three successes (B and E) displayed more 
variety in their eye movements, with particular attention to the wall. 
All subjects in the sample watched the path of the shooter to the 
bear, but those listed above appeared to use this visual feedback to 
greater advantage than the other subjects. 

Two visual behaviors thus appeared common to the subjects 
listed above, namely: 

I. ‘a study “of the point of impact of the bald with the wall, 
or the intended point of impact (category II combined with others), and 

2. corrections to the direction of the shooter based on the 
observed path of the ball (category I). 

Furthermore, the three 8-year-olds and two 7-year-olds bent over to 
sight along the barrel of the shooter as part of their aiming strategy. 
Although 75% of subjects 5 to 8 years centrated on the shooter as a 
frequent behavior, those listed above appeared to identify those 
changes in direction of the shooter which were required to bring the 


path of the bali closer to the bear. 


Aiming the Shooter 
Different methods were used by subjects attempting to aim 


the shooter so that the ball would tip over the bear. One half of 
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the sample stood at the end of the board and learned over far enough 
to operate the shooter and aimed the shooter from almost a standing 
position. Twenty-nine subjects took sightings along the barrel of the 
shooter from one or more of a number of different positions. The dis- 


tribution of these subjects over the age range 3-8 years is shown in 


Table 46. 
TABLE 46 
NUMBER OF SUBJECTS WITH PARTICULAR 
AIMING POSITIONS 
Age Level 3 4 5) 6 7 8 
Number of Subjects ii 2 5 6 8 q] 


This behavior was clearly developmental, increasing with the ages of 
the subjects. 
Positions which were taken up by subjects making an effort 
to aim carefully were as follows. 
is & leanseom stand: back. 
Tis) S bends forward: 
ilies Stoops down. 
IV. S stands side-on. 
Vil oS Sits down: 
The distribution of subjects in these positions is shown in Table 47. 
The categories of behavior are not listed in any hierarchical order. 
One 3-year-old girl bent over to sight along the barrel of 
the shooter, and 12 others, the majority of whom were 7- and 8-year- 


olds, aimed the shooter in the same manner. By bending over these 
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TABLE 47 


DISTRIBUTION OF SUBJECTS IN POSITIONS FOR AIMING IN THE 
OBJECT REFLECTION PROBLEM 
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subjects brought their eyes to the level of the shooter and close to 
it. At the same time they were in a position to control the direction 
of the shooter and aim simultaneously. The nine subjects who stooped 
down to aim were able to adjust the position of the shooter. The 

five subjects who aimed by leaning back and the seven who stood side- 
on were not able to exercise the same control as those in category 

II and III and those who sat down. 

One 8-year-old girl adopted three of these positions but did 
not tip the bear once. Four boys and one girl employed two of 
these stances in their attempts to aim the shooter carefully. These 
subjects scored on five occasions. 

Of the 29 subjects in these categories, three 8-year-olds, 
one 7-year-old, one 6-year-old and two 5-year-olds were girls. MThus, 
this aiming behavior was exhibited in the main by boys. 

Subjects who leaned over to aim tipped the bear on 15 
occasions, those who stooped on eight occasions, and those who leaned 
back on five occasions. Those who stood side-on failed to score. 
Thus the procedure of bending over to aim the shooter proved, 
on a pro rata basis, to be the most successful. 

Subjects were informed that the shooter could be aimed by 
rotating it in a pivot hole or by moving it to another hole. This 
later strategy was employed by 22 subjects from all age groups. The 
distribution of subjects who moved the shooter is shown in Table 48. 

The instructions given to each subject emphasized that the 
ball had to hit the wall first and then tip the bear. It was observed 


that 17 subjects projected the ball directly at the wall on at least 
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TABLE 48 


FREQUENT BEHAVIORS DISPLAYED IN THE 
OBJECT REFLECTION PROBLEM 


Number of Subjects in Each Age Group 


Behavior 3 4 5 6 7 8 
Moved shooter to 
different holes. 4 3 3 4 4 4 


Pointed shooter 
direct at wall i 5 4 4 il 2 


Pointed shooter 
direct at bear 8 2 3 4 all IL 
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one occasion, and one 4-year-old continued with this behavior. The 
other subjects responded either to the visual feedback from the 
direction of the ball or to the verbal cues which were given by the 
interviewer and changed the direction of the shooter. 

Pointing the shooter directly at the bear or at the blocks 
which were placed between the bear and the shooter was a strategy 
employed by 19 subjects distributed over the age range as shown in 
Table 48. Three-year-olds were slow to accept the idea of bouncing 
the ball off the wall, and reverted to the direct approach when they 
did not succeed in tipping the bear after projecting the ball towards 
the wall. This behavior was also displayed by 6-year-olds, but less 
frequently in the other age groups. One 3-year-old, unable to success- 
fully tip the bear by using the shooter, pushed the blocks away and 
directed the ball at the bear with her hand. A 4-year-old solved her 
problem by moving the bear to a more accessible position after a 
succession of failures. 

Subjects 7 and 8 years of age displayed better comprehension 
of the problems and persevered with the rules more than the younger 


subjects. 


Summary for the Object Reflection Problem 


1. Subjects in all age groups showed keen interest in the 
tasks, although the 3-year-olds appeared to be more intent on tipping 
over the bear than with working out the procedures to be followed. 

2. The 3-year-olds, with the exception of two subjects, did 
not display any consistent prediction behaviors. As a result six 


subjects did not score a hit. The problems were abandoned after 
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two problems in the case of five 3-year-olds, and after three problems 
with two from this age group. 

3. Subjects 4, 5 and 6 years old displayed more ability 
than the 3-year-olds to modify the direction of the shooter in order 
to improve their aim. More than 50% of subjects in these age groups 
Scored one hit. 

4. Two or more tips were scored by three subjects in each 
of the 7- and 8-year-old groups, and 50% scored one tip. These age 
groups displayed better prediction behaviors than the younger children, 
although problem IV was abandoned in the case of one 7-year-old and 
three 8-year-olds. 

5. Eye movements varied from subject to subject as they aimed 
the shooter. These visual behaviors involved one or more of the 
following: (1) S looks at the shooter, (2) S looks at the wall, 

(3) S looks at the bear, (4) S looks at E's finger tracing the path 
required. 

6. All subjects visually followed the path of the ball after 
it had been projected. 

7. Subjects aimed the shooter from a standing position, by 
bending over and sighting along the barrel or by stooping down. 

8. Approximately one-third of the subjects distributed 
evenly over the age range, moved the shooter to different holes as 
a means of improving their aim. This was a successful strategy for 
the 7- and 8-year-olds, but the 3-year-olds were attempting to find 
@epetter position to aim directly at’ the bear’. 


9, The shooter was aimed at right angles to the wall by 


yh ebed een sonics iisionia'> acuity aiaae ae 
soto) mt sedoode edi! No optdiipat ait ethan d/eblo~aaet-Bietmads ” Vd 
aquox ope saetid it esnatdve to #08 ast eroM  .orbe niet evoxgnt | > > Sia ba 
miatji ) rien, “thd eno:bexo0a 

duscs tt ef>etdue secs we noxeoe.intse agisa eiom 20) ow? mo Wo ere 
soe senrit Git ano bexooe #02 his vequoxe blow~saey-8. bos -Tod3 to | 
nsibfirte yepnupy ods cadh erotweded Aottobbexq tetted beysiqelh equerp 
bi biorisay-t ano Fo eano ertt at bocobrsds pears moiderg dpuodt is 
famin yous es Totdie oF sootdes nox? boiev adnemevom sys she i194 7 iy 
alt Qo exum xo ecto beviovas winded {sualy seed?  .xetoode edt | . 
| 


Liaw ert $6 axool & (8) aedootlin ents ts etool 2 (1). rpmiwol fo? | 

ite ord priosst teed BR Te ziooi & th) .ased ale te “exoos- 8 48) | | | 

| ‘s 15 uh eae ; 

waste, Liat aid ' diag ‘odd Rowoiiel yileseiv aysetdve [LA .d if ‘i ; 
‘woetvetoaa need bed ai 

yd yao ktibor ornibnese 5° wort xetoorls oat baie atostdpe To lat i 


.fwob prbgoote yd to — eid aote pntsdets Bas xeveo i) 
= 
| wk oe ate ‘ake to ivudecans prevent ms mat 


AS dre ©) 5 See RRO EN 


179 


30% of subjects, only two of whom were over 6 years of age. By so 
doing, these subjects indicated low comprehension of the reflection 
properties inherent in this problem. 

10. The majority of 3-year-olds reverted to aiming the shooter 
directly at the bear when they did not succeed in the bouncing task. 

ll. The object reflection problems evoked spontaneous 
verbalizations in all categories from subjects in all age groups. 
Those which occurred most frequently were comments on the materials 
and the task. 

12. Statements by subjects in all age groups related the 
tasks to real lite Situations . 

13. Fewer categories of verbalization were employed by individ- 
ual subjects than occurred with the fold-out shapes problems. Rela- 
tively few subjects in each age group gave indications that the task 
was completed. Few subjects 3 to 6 years asked questions of the 
interviewer. The number of subjects who made comments on the task 


and the materials was also less than for the fold-out shapes problem. 


The Mirror Reflection Problems 

The introductory exercises in this problem permitted a subject 
to become familiar with the material, which consisted of a flashlight 
pointer, a board of the same dimensions as those of the object reflec- 
tion problem but having walls mounted with plane mirrors instead of 
rubber. A target screen with silhouettes of four animals, an elephant 
(B), a lion (L), a bear (B) and a deer (D) was situated on the board. 
A flashlight was pivotted so that the spotlight could be moved from 


one animal to another. Each subject was required to move the 
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flashlight so that the transformations D > E and L > B were performed. 
Once a subject had completed sufficient direct illumination exercises 
to indicate that he could move the flashlight successfully, two 
reflected light problems were introduced. The behaviors of subjects 
solving these two problems were recorded and analysed in a manner 


Similar to that employed in the previous object reflection problem. 


One Reflection Problem 

The first problem required the spotlight to be moved from 
the deer to the elephant (D > E) with one reflection from the mirror. 
The interviewer then set the spotlight on the lion and informed the 
subject that the light was about to be switched off and he would be 
asked to move the flashlight so that the spotlight would be on the 
bear after one reflection off the mirror. After the subject had 
moved the flashlight, the light was switched on and his prediction 


confirmed or his strategy corrected. 


Predictions - Problem I 

Thirty subjects were required to make two predictions in 
this problem. The first was made with the flashlight switched on. 
All subjects were asked to rotate the flashlight in such a way that 
the spotlight moved from the deer to the elephant. The second pre- 
diction was made with the flashlight turned to the lion and then 
switched off. Subjects were asked to turn the flashlight so that 
the spotlight would be on the bear when the flashlight was switched 


on. 


Five solution categories were used for classifying the results. 
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They are as follows. 
I. Problem abandoned. 
II. Incorrect prediction followed by incorrect prediction. 

III. Correct prediction followed by incorrect prediction. 

IV. Incorrect prediction followed by correct prediction. 
V. Correct prediction followed by correct prediction. 

The interviewer endeavoured to help each subject become aware 
of the light path from the flashlight to target, first by pointing 
out the direction in which the flashlight was pointed, and by tracing 
with a finger the path of the light beam. Thesetrect sori placing. a 
hand in the path of the light beam was also demonstrated. 

The distribution of solution categories for this problem is 
shown in Table 49. Two 3-year-olds were classified in category I when 
the problem had to be abandoned due to lack of comprehension of the 
task. These subjects pointed the flashlight at the mirror opposite 
where they were seated, and made no attempt to put the spotlight on 
the target. Three 3-year-olds were able to rotate the light correctly 
when switched on. However, when the light was switched off for the 
second prediction, two of these subjects turned the flashlight to 
point directly at the target.| The third 3-year-old rotated the flash- 
light in the wrong direction, and appeared to be aiming the back of 
the flashlight at the target. These subjects were recorded in cate- 
gory III. Seven subjects were presented with the first prediction 
task but not the second. Four of these made correct predictions and 
were recorded in category III with an asterisk. Three made incorrect 


first predictions and were recorded in category II. In the case of 
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TABLE 49 


DISTRIBUTION OF SOLUTION CATEGORIES FOR MIRROR 
REFLECTION PROBLEM - ONE REFLECTION 
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the 3-year-olds, the interviewer continued to give further experiences 
of the one bounce problem and did not present the second prediction 
problem to these subjects. The light was not switched off for the 
second problem with the 4-year-old. He made a correct rotation the 
second time. Two 5-year-olds listed in category III, who made incor- 
rect predictions when the light was turned off, were observed to be 
holding the flashlight so that the back was pointing to the target. 
It may be surmised that these subjects were confused when the flash- 
light was employed in an unusual way. 

Nine subjects, including one 3- and one 4-year-old, were able 
to make two correct predictions. Three subjects, aged 6, 7 and 8 
years, were able to correctly predict the rotation when the light 
was turned off, after having incorrectly predicted in the first case. 

This problem appeared to be confusing to the majority of sub- 


jects under 7 years of age. 


Two Reflections Problem 

As in the previous problem, subjects were asked to make two 
predictions. The interviewer arranged the flashlight so that the 
spotlight reflected onto the deer off two mirrors. Subjects were 
asked to predict which way the flashlight should be turned so that 
the spotlight moved to the elephant, and to indicate their prediction 
by making the transformation. 

After the interviewer had set the spotlight on the lion with 
two reflections, the flashlight was switched off. Subjects were 
then asked to predict the rotation necessary for the spotlight to 


move to the bear and to perform that rotation. 
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Predictions - Problem II 

The procedures for this problem were identical with those of 
problem I. The light was reflected off two mirrors onto the target. 
Subjects were again asked to make two predictions, the first with 
the light switched on and the second with the light switched off. 

The categories of solution for problem I were used to classify the 
prediction behaviors in this problem. The results are shown in 
Table 50. 

The problem was abandoned with four 3-year-olds and one 4- 
year-old. Two of these subjects continued to aim the flashlight 
directly at the target and the other two had not comprehended 
problem I and were not presented with this problem. 

Twenty percent of the subjects from 4 to 8 years were observed 
to predict correctly in both cases, and 17% were able to predict the 
second rotation correctly after failing in the first prediction. 
There were four subjects to whom the second prediction task was not 
presented. These were recorded in category III (with an asterisk), 
having made a correct first prediction. 

The distribution of subjects in categories IV and V includes 
subjects from all age groups. Indeed, the distribution of solutions 


in each category is remarkably uniform if the 3-year-olds are omitted. 


Verbalizations 


The mirror reflection problems evoked fewer spontaneous verba- 
lizations than any of the previous problems although the subjects 
spoke more often. This problem necessitated a great deal of ques- 


tioning by the interviewer to ensure that the subjects understood the 
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TABLE 50 


DISTRIBUTION OF SOLUTION CATEGORIES FOR MIRROR 
REFLECTION PROBLEM - TWO REFLECTIONS 


Age 


*Second prediction not requested M: 
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task. Thus each action was accompanied by a question and this was 
usually associated with the task or the material. Thus an opportunity 
to talk about the material was provided and this would have reduced 
the number of task/material oriented statements made by the subjects. 

Each step in the problem was carefully presented, and this 
would have contributed to the smaller number of questions directed at 
the interviewer. 

Categories of verbalizations used to classify the verbal 
expressions of subjects in the previous object reflection problem, 
and used for this problem, were: 

a. Question directed at E. 

be Monitoring of action. 

c. Problem making or rule changing. 

d. Comments on the materials or the tasks. 

e. Expressions of interest or surprise. 

f. Indication that task was completed. 

The distribution of subjects in each age group and their categories 
of verbalization are shown in Table 51. 

Questions asked by the subjects included, "Which way will it 
turn?" and "Can you move it?" Monitoring statements occurred such 
as, "Okay, now I'm gonna turn it onto the elephant," and "Let's see, 
here's one,—and two." One subject commented on the faint spotlight. 
He said "Not a very bright light." Comments on the materials included, 
"he bear 16 kind of small, so 1 can’t get onto him,” and another 
said, "My dad has a flashlight and this is just like a flashlight." 


No subject expressed a wish to change the problem or rule, 
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Verbalization Category 


TABLE 51 


DISTRIBUTION OF SUBJECTS IN VERBALIZATION CATEGORIES 
FOR THE MIRROR REFLECTION PROBLEM 
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although one 6-year-old boy exclaimed "I want to see the deer," when 
the spotlight was on the elephant. 

This problem, like the projected shapes problem, evoked fewer 
spontaneous verbalizations than either the fold-out shapes or the 


object reflections problems. 


Visual Behaviors 

It was necessary to reduce the amount of light in the room so 
that the spotlight could be seen on the target. Eye movements were 
directed to the flashlight and the target except when subjects were 
prompted by the interviewer to locate the light beam. In those 
instances subjects used their hands to block the light or moved their 
heads until they saw the light reflected in the mirror. In this way 
they were able to locate the points of incidence and trace out the 
path of the beam of light. 

Visual behaviors, when the flashlight was turned off anda 
prediction was required, took a pattern similar to those in the object 
reflections task. These behaviors were: 

I. S looks at the flashlight. 
EL) “S Looks ‘at “the“target: 

IEDs YS looks “atthe mirror. 

IV. S follows an imagined or partially illuminated path of 
Pent: 

Identification of many eye movements were made difficult by 
the light conditions necessitated by the problem. Furthermore, much 
of the visual behavior was in response to directions and assistance 


given by the interviewer. However, certain behaviors were observed 
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to occur frequently. 

Looking at the flashlight (I) and at the target (II) were the 
most frequently observed behaviors for all subjects. Other eye move- 
ments which occurred less frequently were as follows. 

(1) Looking from flashlight to target (I > II) was observed 
with four 3-year-olds, two 4-year-olds, all 5-year-olds, one 6-year- 
old, three 7-year-olds and three 8-year-olds. 

(ii) Looking from target to flashlight to target (II > I > II) 
was observed with one 3-year-old, two 4-year-olds, three 5-year-olds, 
two 6-year-olds, three 7-year-olds and one 8-year-old. 

Qi) Looking from, flashlight to mirror to target (17> Ill = 
II) was observed in two 3-year-olds, one 4-year-old, three 5-year-olds, 
three 6-year-olds, two 7-year-olds and two 8-year-olds. 

Although specific aiming behaviors were not a factor in this 
problem, observers commented that the boys in this sample manoeuvred 


the flashlight with greater control than the girls. 


Summary for the Mirror Reflection Problems 


1. During the introductory exercises, all subjects in all 
age groups were able to manoeuvre the flashlight to make the spotlight 
Move correctly from target to target. Movement under direct illumina- 
tion did not present any problem. 

2. MThree-year-olds were confused with the ONE reflection 
problem. Although three were able to predict the correct rotation 
when the light was switched on they were unable to do so when the 


light was switched off. These subjects turned the flashlight to point 


directly at the target. 
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3. The majority of 7- and 8-year-olds were able to make two 
predictions, or if the first was incorrect, they were able to predict 
correctly in the second problem. 

4. The TWO reflection problem was abandoned in the case of 
four 3-year-olds. The remaining 3-year-old was able to make a correct 
second prediction in the problem. 

5. One subject from the age groups 4, 6, 7 and 8 years and 
two 5-year-olds were able to make two correct predictions. 

6. Subjects in categories III, IV and V were reasonably 
well distributed over the age range 4-8 years. No age group appeared 
to perform at a level superior to the others. 

7. Although the 7- and 8-year-olds appeared to find the TWO 
reflection problem more difficult than the ONE reflection problem, 


the majority of 5-year-olds had solutions in categories IV and V. 


INVESTIGATOR RELIABILITY 


A reliability check was performed by two graduate students 
one of whom was a doctoral candidate. One subject from each of the 
age groups was selected by random sampling. The judges viewed the 
tapes independently, and used the same coding system devised for 
this study. The order in which the subject's videotape records were 
viewed was also randomly selected and the judges used the same order 
to transcribe the data from the tapes. The judges selected the fold- 
out shapes problem for the reliability evaluation, limiting the prob- 
lem to three behaviors involving the cube. Thus, the data collected 


by the investigator on the six problems associated with the cube were 
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compared with those of the two judges. The time taken by the judges 
to analyse the data for one subject ranged from thirty minutes to 
more than two hours. After each judge had analysed the data for one 
subject, a consultation was held with the investigator during which 
agreements and disagreements between the coded data sheets were dis- 
cussed. 

Arrington's method for obtaining a measure of reliability of 
observations between observers (Bott, 1933, p. 67) yielded percentage 
agreements as shown in Table 52. A mean percentage agreement of .925 


was established for the whole sample of behavior records evaluated. 


CONCLUDING REMARKS 


The four problems were successful in generating problem- 
solving behaviors in this sample of 3- to 8-year-olds. All age groups 
were able to manipulate the materials devised for the four problems. 
The fold-out shapes material and the object reflections material pro- 
vided the subjects with tangible products of their manipulations and 
more manipulative control was demonstrated in these problems. 

The problems presented a variety of kinds of predictions. 

The 'fold-out shapes' required a subject to predict whether an arrange- 
ment would fold into a cube. The 'projected shapes' required a subject 
to select a model which would make a particular shadow. The object 
reflections and the mirror reflections tasks both required a subject 

to predict the direction of a rotation required to make a given trans- 
formation. All provided the subject with the opportunity to verify 


his predictions. 
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TABLE 52 


INVESTIGATOR-OBSERVER COEFFICIENTS OF 
AGREEMENT FOR FOLD-OUT SHAPES PROBLEM 


Coefficient of Agreement 


Investigator Investigator 
Subject vs Observer 1 vs Observer 2 
ah 882 soe 
Z he P| sehen! 
3 poae WAS. 
4 949 2928 
5 2967 949 
6 Risheh) - 896 


Mean Coefficient 
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Subjects displayed a variety of 'fold-up' behaviors which 
were identified in a set of sequences. Physical behaviors were not 
so easily catalogued in the other problems. 

Verbalizations occurred in all problems. However, verbaliza- 
tions were much fewer and less diverse in the two problems that 
employed a light beam. This was possibly due to the intangible 
nature of the products of the transformation and to the degree of 
concentration needed to gain effective control. The projected shapes 
problem required more hand-eye coordination than the other problems. 

The projected shape and the mirror reflection problems gener- 
ated fewer rule change verbalizations that their equivalent problems. 

Subjects in all age groups were able to manifest success in 
varying degrees in all problems and this was evident in both sexes. 
However, the degree of success attained in the object reflections 
problem was less evidenced than in the others. 

In the reflection problems, the 7- and 8-year-old boys dis- 
played a higher percentage of success than the girls with the object 
reflections, whereas the reverse was the case with the mirror reflec- 
tions. 

The object reflections problem evoked verbalizations indicating 
some aspect of reality. The other problems did not do this to the same 
degree. The fold-out shapes and the object reflections tasks generated 
expressions of interest and surprise. Only in a very small number of 


subjects was it necessary to abandon problems due to lack of interest 


on the subject's part. 
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Chapter IV 


SUMMARY, THE OBSERVED PROBLEM-SOLVING BEHAVIORS, THE 
CRITERIA OF GOOD PROBLEMS, IMPLICATIONS FOR FURTHER 
RESEARCH AND CONCLUDING REMARKS 
This final chapter contains an overview of the study and a 
summary of its findings. The general problem-solving behaviors which 
were observed are then discussed with respect to literature on the 
subject and other research findings. The criteria for good problems 


are discussed with respect to the findings and the chapter concludes 


with implications for further research. 
SUMMARY OF THE INVESTIGATION 


The purposes of this investigation were: 

A. To collect the behaviors exhibited by a sample of chil- 
dren, aged 3-8 years, while they were engaged in solving four spatial 
relationship problems. These problems were: 

(i) the fold-out shapes problem, 

(ii) the projected shapes problem, 

(iii) the object reflections problem, and 
(iv) the mirror reflections problem. 

B. To analyse and classify these behaviors. 

The behaviors of the children as they solved these problems 
were recorded on half inch videotape. These videotapes became the 
data source for this investigation. No information of a demographic 
nature was obtained for this sample of children. 

The problems were presented to each child individually by an 


interviewer who remained present for the duration of each task. The 
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interviewer was available to answer questions, to support materials 
which had been raised by a child, and to provide verbal and other 
help when these were needed. In this way an effort was made to 


facilitate the activities of each child. 


I. The Fold-Out Shapes Problem 


The Cube 

As the fold-out shapes problems were presented, a typical 
response of the 3- and 4-year-olds was an attempt to fold up the 
shapes. There was a general resistance to the suggestion that they 
make a prediction about the foldability of the layout before they 
started folding. Although the interviewer reminded those who resisted 
making a prediction that they were to predict before folding, about 
half the 3- and 4-year-olds still failed to make any prediction at 
all, and were permitted to proceed with the folding process. The 
proportion of those who would not make a prediction changed only 
slightly from shape A to shape F. Shapes A-F are shown on pages 15-16. 

A small proportion of 3- and 4-year-olds predicted that shape 
A would fold into a cube. Approximately the same proportion said it 
would not. While there was a general decrease in the proportion pre- 
dicting that shapes B; C, D and E would not fold, theré was a *corres= 
ponding increase in the proportion of those who seemed confident that 
these shapes would fold. Those who thought that shapes B, C and D 
would fold were correct, but were wrong for shape E which could not 
be folded into a cube. The proportion of those who thought that shape 


F would fold decreased and there was a corresponding increase in the 
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proportion of those who predicted that shape F would not fold. 

The 5- and 6-year-olds also showed a tendency to start folding 
before a prediction was made when the fold-out shapes problems were 
introduced. They too were reminded by the interviewer that a pre- 
diction should be made before they folded the layout. A little less 
than one-half of the children in these age groups still would not 
make any prediction for shapes A, B and C, even though they experienced 
a sequence of shapes which they were able to fold up into cubes. For 
Shape D the proportion of 5- and 6-year-olds who made no prediction 
increased. When shapes E and F were introduced, the proportions who 
failed to respond were the same as for shapes A, B and C. 

Approximately one-half of the 5- and 6-year-olds predicted 
that shapes A to E would fold into cubes, while a relatively small 
proportion of these age groups predicted that these shapes would not 
fold. After observing that shape E would not fold, the proportion of 
5- and 6-year-olds who thought that shape F would fold decreased 
sharply, and there was a corresponding increase in the proportion of 
these age groups who predicted that shape F would not fold. 

A slightly smaller proportion of 7- and 8-year-olds than that 
of the 5- and 6-year-olds would not make any prediction about shapes 
A, B and C, while more than half of these age groups thought that these 
shapes. would fold into cubes... In,all cases: chaldrensobservedr that 
these shapes did fold up. However there was an increase in the propor- 
tion of 7- and 8-year-olds who did not make any prediction when shapes 
D and E were presented. This was accompanied by a decrease in the 


proportion of those who predicted that shapes D and E would fold, and 
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a slight increase in the proportion of those who thought that they 
would not fold. When these 7- and 8-year-olds were asked to predict 
if shape F would fold almost all indicated that it would not fold. 

A comparison of the results for the two sets of problems, 
the foldable and the unfoldable shapes, showed that as the age level 
increased the proportion of those who would not predict decreased in 
both sets, and in each age group the proportion of those who thought 
that the unfoldable shapes would fold was slightly less than that 
which predicted that the foldable shapes would fold. The one excep- 
tion was the group of 8-year-olds, the majority of whom recognised 
that the second set contained unfoldable shapes. 

All children were asked to fold up the first four shapes, and 
the fold-up procedures varied from child to child. Generally the 
younger children tended to use unstructured folding patterns such as 
raising and lowering squares, raising squares on opposite sides or 
at opposite ends which did not immediately result in joins being made. 
These children were helped by the interviewer who supported squares 
which had already been raised. Other children who did not seek this 
support used their arms and bodies to keep these squares upright while 
they attended to other squares on the layout. 

The 6- to 8-year-olds generally used structured sequences 
when forming their cubes. There were also a few 4- and 5-year-olds 
who constructed their cubes with well organised sequences. In this 
way a complete fold up occurred or two half-boxes were formed which 
needed one simple rotation for the cube to be completed. The majority 


of children completed folding the first four hexominoes, most of the 
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older ones without any assistance, some of the younger ones with cues 
and assistance from the interviewer. 

Shapes E and F would not fold up. Those who thought that these 
shapes would not fold were not asked to verify this although a few 
older ones did. The children who predicted that they would fold or 
who would not predict, were asked to verify their predictions or to 
explore the possibility of the shapes folding up. The majority of 3- 
to 7-year-olds made several attempts to fold shape E, trying a variety 
of joins and rotations before deciding that it would not fold. The 
8-year-olds took little time or effort to reach this conclusion. When 
shape F was introduced the majority of children in all age groups made 
only brief attempts to fold it before indicating that it would not 
fold because the array was "too long" or because there were "no side 
pieces." 

When asked to modify shapes E and F so that they would fold 
up, the majority of children transformed these to shapes A and C, 
although a small proportion initially formed some other unfoldable 


shape. 


The Tetrahedron 

Children were given four equilateral triangles and asked to 
make a box which looked like the wire frame which had been placed on 
the table. They were reminded that the Velcro edges had to be matched 
properly if the joins were to be firm. Some of the 3- and 4-year- 
olds appeared uncertain as to where they should begin, and in these 
cases the interviewer demonstrated how to join two triangles. When 


the triangles were brought together on the table there was no 
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difficulty in aligning the edges. However, some difficulty was 
experienced in aligning edges when the triangles were held in the 
air, and some younger children had to make two or three attempts 
before they made a satisfactory join. 

The four triangles were joined in several ways. The 3-year- 
olds tended to form layouts which they were unable to fold into any 
kind of a pyramid, and the interviewer then demonstrated one of the 
methods. Almost one-half of the 4- to 8-year-olds initially formed 
square pyramids, but were able to modify these to complete the tetra- 
hedron either with no help at all, or with a minimum of cues and 
assistance. This shape was also constructed by joining triangles to 
the three sides of a base and bringing the top vertices together. 
Many of the older children stood the triangles at right angles to the 
base or the table, a procedure which interfered with the solution of 
the problem. Others placed the bases of the upright triangles either 
perpendicular or parallel to each other, and even in line with each 
other. Only when they stood the triangles obliquely were the children 
successful in completing the tetrahedron. Approximately half the 
children, including one 33-year-old, folded this shape without assis- 
tance. However this ability was clearly age related. 

Many children verified that the shape they had formed was 
similar to the wire model by placing them side by side, or by fitting 
the model over their construction. This latter method made the 
comparison very simple and most of the older children were quick to 
identify the differences in shape when they fitted a square pyramid 


over the wire model. 


ett nt Bled ovew Getpabiad, ont necw asphe primpiis mt beoneiteqxe 
auqmeits soit to owd exam od Bet axbiide xeprwey sao bas tis 
thet yiodosteissa 6 sbsm yort etoTed 

~isey-i siT  .ayew [svevee ai Pantat exew aelpesixt «vot eat 
ys octet Biot o+ ofdanu etow yortt rfoidw advoysl amot of bebnet eblo 
sit 26 eno Beststtenomeh codd sewelyretnt odd Bas Simeryq s to bats 
beara ylinitiat eablo-xsey-8 of =6 sfx to Tlel-eaa JeomiA . ebordsom 
~pitod oft stalqmoo ot saendt ylibom oF ohes erew gud ,ebimeryq oxeupe 


Bis esuS Bo mminim « dtiw xo \ite se» qled om iiiv setidie noxsber 


ot aalpasixt praintot yd betouttanop oefs aaw ogee aint .conmsdetees | 


. teritapot aavitrvav qod saa prbgaiud bos seed # to eebte setdt sont 

oid o¢ aetipnes goepiy te ealpreits eff boose mexbliso sebflo eft Jo ymsM 
to nokiulow oft dtiw bexetredead doftnw sxshbooong 6 ,oldst eft x6 eead 
tontio revere sipingys edt Yo eonad off Beoslg! exeizo smaldorg ont 
dose dtiw enti mi asve bas ,rerto dose OF felis req so sxsivo Lbnaqrsg 
ferblide edt svew yleupiide eefonsixd sds boodve ysdt nedw yind” .teito 
ait Led YlegamixorqgA nouborsxyet sit patteiquos al (wisessouve 
-2be2s Stropis iw egena atdd ahaa bforisoy-= SHO patbulont tt ae 
bhedsplet dis. eaabhdes enw Ytilids ets apeeee  .eonsd 

esw bomiot bad yordd Agee) sds tids beldt sev aorbLins yosM iy 
paksidit yd 10 ,sbie yovebte mans gatosig: yd Letom extw edd od ‘asLimie 


ort S6ent bodtem testel eid? ai it ene asvo [ebom odt 


16 ener 
o¢ AoLup sew seat ee ait to ¢gon bas diaits yxev Sone 
oh | | ae ahh 


bimexyd sreupa 6 boas? vous aeitw. agers at ye alors) 


Only a few children could make predictions about the foldabil- 
ity of shape H, and those were 5-, 6-, 7- and 8-year-olds. The 3- and 
4-year-olds would not predict but immediately started to fold. When 
shape J was presented some of the 8-year-olds could recognise that 
it would not fold. However the predictions of other age groups changed 
very little from shape H to shape J except for the 3-year--olds, some 
of whom incorrectly thought that shape J would fold, having observed 
that shape H folded. 

Two-thirds of the children in all age groups were able to fold 
shape H into a tetrahedron without any assistance. One method used 
frequently was to hold the end triangle upright and then raise one of 
the inner triangles to bring the adjoining edges together to make 
the required joins. Another method was to rotate the triangles 
successively from one end until all the joins had been made and the 
tetrahedron completed. The tendency to try to arrange the triangles 
perpendicular to each other rather than oblique to each other appeared 
to interfere with the solving of the problen. 

The arrangement of triangles around a common vertex which 
constituted shape J readily folded into a square pyramid, and this 
was the only solution presented by the majority of the children. One 
in five children, aged between 3 and 6 years, could not distinguish 
between the square pyramid and the wire model, while the majority 
indicated that they were different, but made no attempt to modify the 
shape. A few of the older children joined the first triangle to the 
third, forming a triangular pyramid with a triangular flap on one of 


the slant edges. This piece was removed and placed in its correct 
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position. The remainder removed one of the triangles from the layout, 
moved it to a position which formed a large equilateral triangle lay- 


out, and proceded to raise the three sides to complete the tetrahedron. 


The Dodecahedron 

When the dodecahedron was presented, most children showed 
immediate interest and wanted to handle it. When they were asked to 
take it apart so that it would lie flat on the table, there were two 
dismantling procedures. A little more than a half of the children 
carefully detached each pentagon and arranged them so that none of 
them touched. The remainder unfolded the shape and flattened out 
the arrangement of pentagons, rejoining any which became detached in 
the process. When they were asked whether they thought the shape 
could be reassembled there was the ate reluctance to predict as was 
shown in the previous fold-up problems. 

In this problem the interviewer gave sufficient help to 
enable subjects to reassemble the dodecahedron. A great deal of 
assistance had to be given to some 3-, 4- and 5-year-olds, but the 
Majority of 6-, 7- and 8-year-olds were able to assemble the shape 
with verbal cues or no assistance at all. As in the previous problems, 
there were notable exceptions to these solution levels. For example, 
one 3-year-old was able to reconstruct the dodecahedron with no assis- 
tance, and one 6-year-old piled the pentagons one on top of the other. 

Children from all age groups who assembled the detached 
pentagons began by selecting one pentagon and attaching others to its 
edges, keeping the whole array flat. When these peripheral pentagons 


were raised and joined, the bottom half of the dodecahedron was formed. 
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Others added the pentagons in the raised position, and obtained the 
Same result. In both cases reorientation of pentagons had to be made 
to ensure that the Velcro edges matched. Subsequently further penta- 
gons were added to the upper structure and the shape completed. Some 
of the older children had difficulty getting these pieces to fit. 

This occurred when upper pentagons were directed outwards instead of 
being oblique inwards. Some children who initially detached all the 
pentagons formed complete or partial nets before they started to fold. 
Generally there were sufficient pentagons which joined to form a 
partial fold up, but assistance was needed to reorientate the other 
pentagons to obtain Velcro edges which were compatible. Young children 
in particular ran their fingers over the Velcro to confirm by touch 
the nature of the surface. 

The fold-up behaviors of those who had unfolded the dodeca- 
hedron varied. Younger children tended to work from both ends of the 
layout simultaneously, raising and lowering pentagons, and needed 
assistance to raise pieces which would join to form a stable structure. 
Frequently pentagons were raised to a vertical position and this inter- 
fered with these children recognising the oblique form needed to make 
adjacent faces join. Raising all pentagons at one end of a layout and 
joining the remainder of the array to this assembly was the simplest 
method of folding up the dodecahedron. 

The 6-, 7- and 8-year-olds who attempted to raise several 
pieces at a time were more successful than the younger ones who 
attempted this. In these cases the interviewer provided support by 


ensuring that the Velcro edges were joined firmly, and by helping to 
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prevent sections from collapsing. The strategy of raising three 

or four pieces was more successful when these were close to the child 
than when they were at the back of the array. Younger children also 
attempted to fit a pentagon at the top before sufficient side support 
had been established. The ability to assemble the dodecahedron without 
assistance was definitely age related, with the majority of 8-year-olds 


requiring no assistance from the interviewer. 


el ene Projected Shapes Problems 


The projected shapes problems were introduced by demonstrating 
how shadows could be produced on a screen by placing a hand in the 
beam of light. Children were encouraged to make their own shadows, 
and then to pick up wire models and make shadows with these. The 
models were rotated and interchanged so that a variety of shapes were 
observed. The 3- and 4-year-olds were helped to observe the effects 
of moving the models. The older children responded to the inter- 
viewer's suggestions to change the position of the models. Thus an 
opportunity was provided for children to observe that projected 
shapes or shadows could be changed by hand movements, and could be 
simple or complex depending on the orientation of the model. 

In the previous problems children formed tangible stable 
solids, and controlled the formation of these shapes by manipulating 
parts of the shapes and by using visual perception. The ten projected 
shapes problems however, required children to project shadows which 
matched shapes drawn on cards. To do this an appropriate wire model 
had to be selected and orientated in a beam of light supplied by a 


35 mm projector. An important difference between this and the fold-out 
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shapes problems was the dynamic and complicated nature of the shadows 
which changed in structure and complexity with each hand movement. 

The majority of children in all age groups were able to choose 
the correct wire model for projecting the ellipse, the parallelogram 
and the triangle. However, children 3 to 6 years needed assistance 
and cues from the interviewer to orientate the circle in order to 
produce the ellipse. Most of these children appeared content to hold 
up the model, and produce some shadow. The 3-year-olds in particular 
held the model between themselves and the screen, and the interviewer 
had to hold out their arms so that shadows could be cast on the screen. 
The majority of 7- and 8-year-olds however, were able to produce the 
ellipse unaided. 

One-half of the 3- to 6-year-olds simply projected the rec- 
tangle when a shadow in the shape of a parallelogram was required. 
When the wire rectangle was suspended in a vertical plane, a rectang- 
ular shadow was produced. However, it was necessary to hold this 
model in a plane oblique to both vertical and horizontal planes in 
order to form a shadow in the shape of a parallelogram. All 7- and 
8-year-olds were able to accomplish this without assistance. With 
few exceptions, the younger children either needed cues to produce 
the parallelogram or made a rectangular shadow which they thought 
was a solution. 

The projection of the triangle did not present any problem. 
All children were able to select the triangular model and suspend 
this to produce the equilateral triangle. 


The projection of a straight line was the first problem in 
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which shadows had to coincide, and 3- to 5-year-olds found this prob- 
lem difficult. The immediate reaction by most children when the 
problem was presented was to look at the models on the table. After 
a brief study of these models they said it could not be done. The 
interviewer encouraged them to try one of the models available. The 
majority of 3-year-olds did not appear to understand the idea of 
making shadows coincide and did not make this shape. Children 4 to 
5 years projected the straight line with assistance, cues or demon- 
stration by the interviewer, while all 6-, 7- and 8-year-olds 
produced this shape without assistance or with verbal cues alone. 

The orientation of the projected shadows did not seem to be 
important to the 3- to 5-year-olds. These children identified the 
shapes they had produced whether they were oriented horizontally 
(shown on the card), vertically or obliquely. Children in all age 
groups projected the ellipse with a vertical orientation. This was 
the form produced by most of the 3-year-olds, while older children 
responded to the interviewer's assistance and cues to reorient the 
ellipse to match the illustration. The majority of 7- and 8-year- 
olds did not require any assistance or cues. 

The parallelogram was oriented obliquely by half the 7- and 
8-year-olds who were generally more concerned with the production of 


the shape of a parallelogram than the others who simply formed a 
rectangle. In most cases, the orientation of the straight line was 


norizontal’. 
The younger children tended to alternate their attention 
between the model and the shadow. The older children appeared to 


be able to manipulate the model while looking at the screen. By 
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doing this they appeared to exercise greater control over the changes 
to the shadow, and to observe the effects of adjustments made on the 
model. This was an important consideration in this problem, for there 
were occasions when a solution was reached but the child was looking 
at the model at that moment, and by the time they looked at the screen 
the shadow had changed. When the interviewer drew their attention 

to this fact, the majority of these children, including the 8-year- 
olds, were unable to reverse the movement of the model. 

The shapes projected by the plane wire models without any 
assistance from the interviewer were, with very few exceptions, pro- 
duced by children aged 6, 7 and 8 years. 

Three wire models, a square pyramid, a tetrahedron, and an 
octohedron, were used for projecting the six complex shapes (v) to 
(x). These shapes were formed by superimposing shadows, a task 
which had already been found difficult for most of the younger children. 
These problems were abandoned for most of the 3-year-~olds. Even some 
older children appeared to be puzzled by the disappearance of shadows, 
a phenomenon which they observed during the introductory exercises. 

Shapes (v) and (vi), N and M1. had square boundaries. 
Mhetmajority of children had great dit ficulty an selecting the correct 
model, and in projecting these shapes after they had been told which 
shape they should use. These two shapes were produced without assis- 
tance or with cues only, by 7- and 8-year-olds, while the majority of 
children 3 to 6 years were unable to project these shapes. Only a 


few 4- to 6-year-olds were able to produce these shapes with assis- 
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Shapes (vii) and a FON , had triangular 


boundaries, and these children had no difficulty in selecting the 
correct model for projecting both shapes. The majority of children 
aged 4 to 8 years were successful in projecting these shapes without 
assistance. Relatively few were able to control the orientation of 
the tetrahedron so that complete coincidence occurred. The 6-, 7- and 
8-year-olds were able to project these shapes with little or no assis- 
Eaneer 

Shape (ix), x also had a square boundary. Two of the 
three models were appropriate for projecting this shape and these 
children had no difficulty in choosing one of these. However, only 
the 7- and 8-year-olds, together with one 3-year-old and one 6-year- 
old, were able to project this shape without assistance. A small 
number of 3- to 6-year-olds were unable to form both diagonals in 
this diagram. Approximately one-third of the children, mainly 4- to 
7-year-olds, reguired either demonstration, assistance or verbal cues 
before they were able to achieve the required coincidence. 

The tenth shape, > was the most complex in appearance. 
The correct model was selected by all except three children. When 
questioned as to why they had selected that shape, some said that it 
had more lines than the other shapes, and others indicated that it 
was the only shape which had not been used for any of the previous 
problems. The 3-year-olds were not able to obtain the horizontal 
coincidence which was needed to match the diagram, while almost one- 
third of those aged 4 to 7 years were given assistance to obtain a 


solution. More than one-half of the children aged 4 to 8 years 
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were able to produce this shape unaided. 

Three of these six shapes proved to be more difficult than the 
others for the majority of children to project. These were the shapes 
with Square boundaries. Two of these required the square base to be 
held in an oblique plane. Although the majority of children con- 
centrated on the screen, the movements of the 3- to 5-year-olds 
appeared to be more random than those of the older children. When 
these younger children appeared to be approaching a solution, they 
were encouraged to continue with that move or rotation by the inter- 
viewer, but almost invariably they were not able to maintain that 
strategy and they resumed with a complex shape which did not resemble 
the diagram they were trying to copy. The 7- and 8-year-olds 
generally made a systematic study of the shadows cast when the model 
had a particular orientation, and were able to identify when a rota- 
tion of the model was leading towards the required shape. - 

Very few children commented on the orientation of the shadow 
when it differed from that of the diagram. The most frequent varia- 
tion occurred with shape (v) when more than half of the shadows 
formed were reflections in the vertical plane of the given diagram. 
Shape (x) was presented in an oblique or vertical orientation by a 
very small number of children, and in each case the child identified 


the shape as a solution. 


Wiki, Wo Obgect Reflections Problems 


As an introduction to these problems children were asked to 
tip over a toy bear by releasing a steel ball from a shooter. During 


these initial exercises the shooter was aimed directly at the bear, 
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and each time the bear was tipped over it was moved to a different 
position on the board. In this way the children became acquainted 
with the two methods by which the shooter could be moved, namely, 
rotation about one of ten pivot holes in the board, and translation 
from one pivot hole to another. It was during these direct-aim 
experiences that children first exhibited particular aiming behaviors 
such aS stooping down to sight along the shooter, or bending over and 
lining up the bear with the barrel of the shooter. 

There were four reflection problems. In the first and second 
problems, children were asked to aim the shooter so that the ball 
would make one bounce off a wall before tipping over the bear. In the 
third and fourth problems, the shooter was to be aimed so that the 
ball made two bounces before tipping the bear. 

Children in all age groups immediately became involved in the 
task, although the 3-year-olds appeared to be more intent on the game 
aspect than they were in following the directions of the interviewer. 
At least five attempts were given each child to try to tip over the 
bear in each problem. 

Most children, including 7- and 8-year-olds, found it difficult 
to tip over the bear. Three~year-olds generally aimed the shooter 
directly at the bear, even though wooden blocks were placed in between 
the shooter and the bear. When reminded by the interviewer that the 
ball had to bounce off the wall first these 3-year-olds aimed the 
shooter perpendicular to the wall, although the interviewer had 
touched that part of the wall which was midway between the shooter 


and the bear when emphasising the path that the ball should take to 
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reach the bear. When this attempt was observed to fail to tip over 
the bear, these children resumed aiming the shooter in the direction 
of the bear, or moved the shooter toa different pivot hold in an attempt 
to get a better direct sighting on the bear. When the blocks inter- 
fered with their success the tendency among these children was to move 
the blocks or move around the board and push the ball at the bear with 
their hands. 

Aiming behaviors which appeared during the introductory 
exercises reappeared during these problems, but were used consistently 
by only a few of these children. These consisted of bending over, 
stooping down or leaning back to sight along the shooter, while the 
others aimed the shooter from an erect standing position. Although 
all children followed the path of the ball once it was released, 
few appeared to use the proximity of this path to the bear as a guide 
to adjusting the aim of the shooter. Those who did and those who 
lined up the shooter with reference to some point on the rubber wall 
by bending down to look along the barrel had the greatest number of 
successes in tipping over the bear. 

Although boys and girls aged 7 and 8 years showed similar 
aiming behaviors, the boys were more successful in tipping the bear. 
In general, those who took careful aim were more successful in tipping 
the bear than those who did not. 

Moving the shooter from one hole to another was another 
strategy which children 5 to 8 years used to improve the direction 
of the path traced by the ball. However, only 7- and 8-year-olds 


used this with some success. A difficulty associated with this 
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strategy arose from the fact that when the pivot point was moved, 
information gained from previous aimings was no longer relevant, and 
aiming procedures started all over again. 

Over one-third of the children aimed the ball at right angles 
to a wall at some stage of the problem. This included half the 5- 
and 6-year-olds. This procedure was identified as unproductive by 
the majority of children, and may have resulted from instructions such 
as "You have to hit this wall first before you tip the bear." Chil- 
drens' responses varied when asked where they expected the ball to go. 
A 3-year-old pointed directly at the bear, and a few children made 
sweeping arcs with their hands, moving from shooter to wall to bear. 
Some 7- and 8-year-olds, when asked the same question, used their 
fingers to trace on the board a striaght line path from the shooter 
to the wall and then to the bear. However, it was not clear from 
their movements if they thought that the angles of incidence and 
reflection were meant to be equal. One 8-year-old did indicate this 
equality by using his hands to form these angles, with his fingertips 
touching at the anticipated point of impact of the ball and the wall. 

Children 3 to 6 years of age did not respond consistently to 
the visual information provided by the path of the moving ball or to 
the cues and assistance given by the interviewer. As a result of 
this, one-third of the 3- to 6-year-olds did not proceed beyond the 
second one-bounce problem. The majority of 7- and 8-year-olds how- 
ever, interpreted the feedback and, because of this, were able to 
make correct predictions on the direction in which the shooter had to 


be rotated to make the path of the ball move towards the bear. 
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Altogether one-half of the children aged 3 to 8 years were presented 
with all four problems. 

Success in tipping over the bear was difficult to achieve, and 
only a small number of children aged 7 and 8 years were able to tip 
the bear two or three times. Approximately one-half of the children 
aged 3 to 8 years tipped over the bear once, and one-third, mainly 
3- and 4-year-olds, did not tip the bear at all. 

Those children who tipped the bear two or three times appeared 
to concentrate their attention on some point on the wall, and to pay 
particular attention to the path of the ball as it passed the bear. 
Furthermore, they took careful aim by bending over the shooter and 
sighting along the barrel. 

The two-bounce problems were more difficult than the one- 
bounce problems. The attempts to solve the two-bounce problems were 
terminated after the first of them for approximately one-third of the 
children aged 4 to 8 years because they did not respond to cues and 
assistance provided by the interviewer. Of the children who completed 
all four problems, about one-half had less successful prediction 
records for the two-bounce problems than they had for the one-bounce 


problems. 


Iv. The Mirror Reflection Problems 

The silhouettes of four animals, an elephant, a lion, a bear 
and a deer were drawn on a target screen and placed on a board with 
mirrored walls. It was possible to illuminate these animals individ- 
ually be rotating a flashlight about a pivot point. Children in the 


age groups 3 to 8 years immediately responded to this material by 
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turning the spotlight from animal to animal as directed by the inter- 
viewer. The flashlight was pointed directly at the target screen, 

and children had no difficulty in choosing the correct rotation needed 
to move the light to each designated target. 

The interviewer next turned the flashlight so that the spot- 
light was on the deer after one reflection off a mirror. Children were 
asked to turn the flashlight so that the spot moved from the deer to 
the elephant. Two-thirds of the 30 children in this study were able 
to move the flashlight without hestitation in the correct direction, 
and this action was reported as a correct prediction. The other third 
consisted of those 3-year-olds who did not appear to understand the 
task, and others who briefly turned the flashlight in the wrong direc- 
tion and immediately reversed the movement to bring the spot to the 
correct position. 

The spotlight was moved to the lion, after a single reflection 
off one mirror, and the light switched off. The next task was to turn 
the flashlight so that the spot would be on the bear when the light 
was switched on. The important thing in this case was the direction 
of rotation. Almost one-half of those who had predicted correctly 
with the light on were not able to move the flashlight in the correct 
direction with the light off or were not asked to do this task. A 
small number of 6-, 7- and 8-year-olds who had moved the spotlight in 
the wrong direction when it was switched on, moved the flashlight 
correctly for the second prediction without hesitation, while almost 
a third of the children, mainly 7- and 8-year-olds, made the correct 


move under both conditions. 
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The sequence of moves of the spotlight described above were 
repeated with the light reflected from two mirrors, and children were 
asked to make the same predictions. The first problem was abandoned 
for four 3-year-olds and one 4-year-olds. Only a small number of 
children aged 4 to 8 years were able to make two correct rotations 
for this problem. More than one-half of those who made a prediction 
error when the light was switched on, including one 3-year-old, were 
able to move the flashlight in the correct direction when the light 
was switched off. However, two-thirds of those who made a correct 
first prediction were unable to make a correct prediction with the 
Switch off, or were not asked to do so. 

Whereas the one-reflection problem appeared more difficult 
for the 3- to 6-year-olds, the two-reflection problem proved diffi- 
cult for all age groups. Every effort was made by the interviewer to 
help the children understand the problem. The path traced out by the 
light from its source to the mirrors and then to the target was 
identified by placing a hand in the beam of light and by having the 
children show where they thought the light beam was situated. Clearly, 
the younger children found it difficult to adjust to a situation where 
the flashlight was required to light up an object by an indirect 
method and the two-reflection problem was not understood by two-thirds 
of these children. 

The visual behaviors in these problems were associated with 
observations of the movement of the spotlight. Children concentrated 
on the flashlight and the target screen. Those who were asked to find 


the place on the mirror where the light was reflected either placed 
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their hands in the path of the light beam or leaned over to find the 
reflection of the light source in the mirror. In most cases the inter- 
viewer had to help children locate the spotlight after the second pre- 
diction of each problem. This was necessary because children generally 
moved the flashlight too far, and when the light was switched on the 


spotlight was beyond the intended target. 


Verbalizations 

While the children set about the task of solving the four sets 
of problems, the majority of them talked freely to the interviewer or 
to themselves. These spontaneous verbalizations were classified into 
six categories according to the purpose of the children's talking. 
These were (a) questions directed at the interviewer, (b) monitoring 
of actions, (c) problem making or rule changing, (d) comments on the 
materials or the task, (e) expressions of interest or surprise, and 
(f) indications that the task was completed. 

Approximately one-third of the children asked questions of the 
interviewer in the fold-out shapes, the projected shapes and the object 
reflections problems, and slightly less than this fraction in the final 
problem. Children asked questions to make sure they understood the 
problem and to determine which actions or moves were permissible. In 
the fold-out shapes problems approximately the same number of children 
in each age group asked questions. More 7- and 8-year-olds than any 
other age group asked questions in the object reflection problems, and 
these were seeking clarification of the rules. Although the propor- 
tions of children asking questions in the projected shapes and the 


mirror reflection problems were less than half those for the other two 
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problems, the majority of questions asked came from the older children. 
In the projected shapes problems the questions were related to how 
shadows were formed and how they disappeared while those in the mirror 
reflections were related to the movement of the flashlight. 

Some children talked to themselves as they solved the prob- 
lems. Some of this talk took the form of describing what they were 
doing or what they were about to do, and was classified as monitoring 
their actions. The number of children from all age groups who 
exhibited this behavior in the fold-out shapes problems and the object 
reflections problems was twice the number of those in the projected 
shapes and the mirror reflection problems. The distributions of 
frequencies for this category were similar to those for the first 
category. Thus the numbers were approximately evenly distributed over 
the age range for the fold-out shapes and the object reflections. 
However, the majority of monitoring comments in the projected shapes 
problems came from the 3- to 6-year-olds, and for the mirror reflec- 
tions problems from the 7- and 8-year-olds. 

Almost one-half the children aged 3 to 7 years wanted to change 
the rules in the object reflections problems. This took the form of 
trying to move the bear or move the blocks of wood, or push the ball 
instead of releasing it from the shooter. A small number of children 
wanted to change the rules in the fold-out shapes problems, most of 
whom were 3- and 4-year-olds. Rule changes took the form of telling 
the interviewer to take a turn at folding, or deciding to make a 
different kind of box. No 8-year-olds suggested changing the problem 


or rules. In contrast with this behavior for these problems, no 
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child suggested a change of rules for the projected shapes or the 
mirror reflection problems. 

Comments about the task and the materials were made by the 
majority of children in all age groups in the fold-out shapes problems 
and by one-half in all age groups for the object reflections and the 
projected shapes problems. Few of the younger children spoke at all 
in the mirror reflections problems. Comments made reference to the 
difficulty or ease of the task, the way in which the Velcro joined 
the pieces of Plexiglas or attached itself to the cover on the table, 
the difficulty of operating the shooter, the apparent lack of a 
Suitable wire model for projecting a straight line, the size of the 
target in the mirror reflection problem, and so on. 

Children related some of the shapes made in the first problem 
to objects in their environment such as a house, a boat, a car, a 
pyramid, a kite, and the like. The dodecahedron, because of its 
unusual shape, caused some expressions of surprise when it was intro- 
duced. Slightly less than half the children in all age groups made 
these kinds of comments for the fold-out shapes, and about half this 
number in the object reflections problems. The number of such 
comments for the projected shapes and the mirror reflections problems 
were negligible. 

Statements or expressions indicating that the task was 
complete were made by more children in all age groups for the fold- 
out shapes problems than for all the other problems. There are 
probably two reasons for this. The folding up of the cube appeared 


to give great satisfaction to all who completed each task. In the 
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projected shapes and the object and mirror reflections problems, the 
interviewer indicated that a solution had been reached and complimented 
those who successfully completed each task. 

The fold-out shapes and the object reflections problems evoked 
considerably more verbalizations in all categories than the projected 
shapes and the mirror reflections problems. The former problems 
required a great deal of action and appeared as games to the majority 
of children. The other problems which involved the projection of a 
beam of light, and which used situations requiring concentration on 


a screen, elicited comparatively few verbalizations. 


THE OBSERVED PROBLEM-SOLVING BEHAVIORS 


The following behaviors in the four spatial problems investi- 
gated appear to be characteristic of children in the age range 3-8 


years. 


ie Children readily seek solutions to problems which are constructed 


in accordance with the criteria for 'good' problems (Nelson & 
Kirkpatrick, 1974). 

For example, the fold-out shapes which were presented to 
children were developed surfaces of the cube and the tetrahedron and 
three arrangements which would not fold. Children were asked to pre- 
dict on the foldability of these shapes, a task which was similar to 
the polyomino problems of Golomb (1965), although they differed in 
mode of presentation. When asked to fold these shapes, the children 
did so and a variety of solutions levels was observed. In particular, 


children from 3 to 8 years of age were able to fold up these shapes 
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and form cubes, tetrahedrons and dodecahedrons without any assistance 
from the interviewer. Furthermore, modifications were made which 
transformed these shapes into foldable forms. 

The performance of the children in this study may be compared 
with the results described by Piaget and Inhelder (1967) for the 
development of the cube and the tetrahedron. Children up to 12 years 
were asked to draw their perception of the unfolded solids. Analysis 
revealed that the task was beyond the capability of children below 
4 years (Stage I), while children 4-6 years (Stage II) tended to draw 
their developed surfaces identical with the intact solid. It was not 
until 7-9 years (Stage IIIA) that children showed a progressive under- 
standing of the task depicting intermediate phases between the solid 
and its developed surface. By Stage IIIB for the cube and Stage IV 
for the tetrahedron (up to 12 years) children displayed a clear under- 
standing of the shapes to be formed (Piaget & Inhelder, 1967, pp. 273- 
295). However, the development of the cube, for example, required not 
only the ability to draw but also the ability to visualize, through 
imagery, the succession of actions which would lead to the required 
shape. 

That the task presented to the children in this study was the 
inverse of the Piagetian problem should not be overlooked. More 
important however, was the mode of presentation which circumvented 
children's drawing ability, and provided a more appropriate means of 
representation for children in the age range investigated. 

In the projected:shapes problems, children were required to 


choose the wire model they thought appropriate to project a given 
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shape, and then to form that shape. The selection for the first three 
shapes did not prove to be a difficult task. The curvilinear nature 
of the ellipse must have prompted the choice of the circle, while the 
rectangle and the triangle were equally well identified as the most 
appropriate models for producing the parallelogram and the triangle. 
Half the children were given assistance to rotate the circle in order 
to form the ellipse and the majority of 3- to 6-year-olds reproduced 
the rectangle as a representation of the parallelogram. The triangle 
was simply formed by holding the model in a vertical plane. A model 
suitable for forming a straight line was not at first recognised by 
the younger children, but after interviewer assistance with one of the 
models, those who were asked to try other models quickly produced a 
solution. 

The remainder of the projected shapes problems were quite 
different from the Piagetian tasks. Children generally had no diffi- 
culty in identifying a correct solution when they formed one. 

In their study of how children perceived the shadows cast by 
(i) a circular disc, (ii) a cardboard rectangle and (iii) a pencil, as 
these were moved about in space, the Genevans found that there were 
four distinct stages. Below 4 years (Stage I) children were unable to 
draw any semblance of a geometrical shape and lacked any understanding 
of pictorial perspective. From 4-7 years (Stage II) the distinction 
between different viewpoints was totally or partially absent. The 
object was represented as the subject saw it. Just as Stage II was 
marked with gradual changes, so Stage III (7-9 years) was characterised 


by a distinction between different points of view, followed by 
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improved quantification of the size of the representations of the 
shadows cast (Piaget & Inhelder, 1967, ch. 6). 

In the two examples listed above the use of appropriate 
materials showed that children aged 3-8 years were able to perform 
transformations from two to three dimensions, to select appropriate 


models for forming geometric shapes, and to project these shapes. 


2. When presented with a problem involving manipulation of materials, 
children want to make an immediate start on the solution. They 


resist any move which does not take them directly to a solution. 
Although children were asked to predict if a shape would fold 

up into a box, their immediate reaction was to attempt to fold up the 
shape. Even after the question was repeated many aged 3-6 years did 
not express an opinion. In trying to predict if a shape will fold up 
into a box, a child has to form an anticipatory image of the results 
of a number of transformations. This, according to Piaget (1970), 
involves "operative aspects of thought (p. 14)," which only begin 
to function at the concrete operations level. It would appear then, 
that children less than 7-8 years, in general, have not developed 
cognitively enough to make reliable predictions about the foldability 
of the shape. This would help to explain the resistance shown by such 
a large proportion of 3= to 6-year-olds to predict for the shapes 
presented early in the sequence. Osgood (1964, p. 189) refers to 
research which indicates that subjects reflect in their expectancies 
about consecutive stimuli the sequential dependencies built into the 
series, although possibly unaware that any dependencies exist. This 


approach to cognition would explain the expectancy shown by children 
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in all age groups except 8 years that the first unfoldable shape would 
fold up, having experienced four consecutive cases where the shape 
did folds apy 

In the object reflections problems children were primarily 
concerned with tipping the bear. The 'game' aspect of the problem 
maintained the interest of all children, although the younger ones 
changed the rules when they failed to achieve success. The role of 
the rebound was not understood by the 3-year-olds who continued to 
aim directly at the bear, even though obstacles were placed in the 
way. The failure to tip the bear by rebounding the ball off a wall 
led many children, including some of the older ones, to revert finally 
to aim directly at the bear. This reversion to a behavior which had 
previously resulted in success was also reported by Strutz (1966) who 
observed that in a choice situation, children 4-6 years tended to 
accommodate to that behavior which yielded the most frequent success- 
ful event: 

The idea of illuminating an object by reflecting a light off 
a mirror was beyond the experience of these children, and was not 
understood by most of the younger ones. These children wanted to aim 
the flashlight directly at the target, an experience they had 
practiced prior to the presentation of the problem and a behavior 
which was consistent with the normal use of a flashlight. Although 
the interviewer endeavoured to acquaint the children with the path of 


the light beam, the 3- to 6-year-olds did not adapt easily to the 
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3. The level of solution to a problem ls a E£unction Of perceptual 


exploration, motor activity, and imnterphetatvon of available 
feedback. 


The reconstruction of the dodecahedron is one example of this 
behavior. It was quite clearly demonstrated that as the age level 
increased children became less dépendent@onethe interviewer vforscues 
and manual assistance. However there were exceptions, and a few 
younger children recognised specific figural characteristics of the 
shape at early stages of the solution. Those 3-year-olds for whom 
this and other fold-out problems were abandoned failed to exercise 
adequate exploration. Piaget and Inhelder (1967) described this lack 
of ability to decentrate as "a general deficiency in perceptual 
activity (p. 24)," which was partially overcome in some cases by the 
interviewer injecting one of the determinants of learning readiness, 
namely motivation (Gagné, 1970, p. 279). 

Since such fundamental processes as perception, learning and 
motivation interact to produce predictive behavior, and up to 7 or 8 
years of age images are fairly static, the performances of the children 
in this study were surprizing. The number of 3-, 4- and 5-year-olds 
who predicted correctly for the first fold-up shapes problems may have 
done so, not on their perception of the layout but for some other 
reason. For example, they had already experienced the unfolding and 
refolding of the box. On the other hand, the 8-year-old who pointed 
to different squares and subvocalized as he pointed with his finger 
before making a prediction, was engaged in anticipatory representation, 


a stage beyond the reproductory representation of the preoperational 
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level. 

In the projected shapes problems, children 5-6 years of age 
were more active than the 3- and 4-year-olds in exploring the possible 
shapes produced with the models, and yet lacked the motor skills 
necessary to construct shapes which required the model to be held 
obliquely. The 7- and 8-year-olds succeeded in their endeavours, for 
their capacity to decentrate and their motor skills had both developed 
sutiiciently.  Zaporozhets (1970) stated at this way: 

The increasing effectiveness of solving various sensory problems 
depends upon the development of children's perceptual activity, 
that is, upon the degree to which they acquire more perfect means 
of acquainting themselves with the objects they perceive (p. 647). 

Although all children followed the trajectory of the ball in 
the object reflections problems, the younger children generally con- 
centrated their attention on the shooter before releasing the spring 
loaded plunger. The visual activity of those 7- and 8-year-olds who 
tipped the bear more than once included surveys of the complete path 
from the shooter to the bear, with alternate eye movements between 
the shooter and some point on the rebounding wall. This perceptual 
activatyeand the ability .to, identity significant stimulicis iconsisitent 
with findings reported by Wilton and Boersma (1972), that normal 
children who successfully transformed stimuli were much more active in 
visually exploring the display area than those who did not. 

Piaget's theory of cognitive development and, in particular, 
his studies of the child's conception of space are relevant to this 
study. The child's cognitive processes are seen by Piaget to develop 
through three periods, namely (i) sensori-motor (0-2 years), (ii) 


concrete operations (2-12 years), and (iii) formal operations 
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(12 years-adult). The concrete operations period was subdivided into 
three stages, I Preconceptual (2-4 years), II Intuitive (4-7 years), 
and III Concrete operations (7-11 years), with Stages I and II being 
described as preoperational. According to Piaget the behavior of 
children in Stage I is characterized by a lack of adequate exploration, 
and Hunt (1961) noted that a child in this stage was highly dependent 
upon perceptual mechanisms for his information about a particular 
object. Thus a child in this stage is influenced by the immediate 
attributes of an object on which he is centrated. The capabilities 
of children in the other stages have been described by Berlyne (1957) 
in the following way: 

Children at the intuitive-thought stage vary conditions haphazardly, 

and observe what happens in particular cases without deriving 

any general principles. At the concrete-operations stage one 

factor at a time is varied, and its effects are duly noted. Not 

before the formal—-operations stage does the child plan truly 

scientific investigations varying the factors in all possible 

combinations and in systematic order (p. 319). 

A distinction is also drawn by Piaget and Inhelder (1967) 

between perceptual space and representational space. 

Perception is the knowledge of objects resulting from a direct 

contact with them. As against this, representation or imagination 

involves the evocation of objects in their absence, or, when it 

runs parallel to perception, in their presence (p. 17). 
Both visual perception and haptic perception help to provide informa- 
tion about perceptual space since visual exploration and the actions 
of tactile exploration can evoke a mental image, and thus contribute 
to both perception and representation. 

Studies by Lovell (1959), Page (1959), Dodwell (1963), and 


Laurendean and Pinard (1970) have replicated Piaget's investigations 


of the child's conception of space, and generally speaking their 
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findings vary little from those of Piaget. Esty (1970) and Martin 

(1973) have suggested however, that Piaget's interpretation of topo- 

logical concepts is not always mathematical, and dispute his assertion 

that topological concepts develop prior to Euclidean concepts. 
The concept of topological equivalence was found by Bass 
(1970) to develop about the age of 8 years, but is preceded by notions 
of enclosure and order which develop earlier. In studying the effects 
of transformational geometry on the spatial abilities of children in 
second and third grade, Wililaferd (1972) found that: 
The experimental subjects did learn to execute manual procedures 
to produce transformation images, but they did not learn to 
mentally perform transformations from one state to another. 
im terms OL Piraget s theory, cle subjects Gia not exnibit 
operations on imagery. Instead they were able to fashion repro- 
ductive images based upon the perception of the original 
figures and upon manipulative techniques, rather than produce 
anticipatory images resulting from operative thought (p. 269). 

4. The use of appropriate physical materials enable children in all 
age groups to solve problems when the materials are used ina 
manner consistent with the requirements of the problem. 

Considering only those cases where the cube was formed without 
assistance from the investigator, children in all age groups were 
successful, not only in folding up the shape, but also in making the 
transformations needed to change the unfoldable shapes into foldable 
forms. The proportion of 3—, 4—- and 5-year-olds who were in this 
category was higher than the Piagetian findings would lead us to 
expect. The effects of the nature of the materials should not be 


overlooked. The squares could be rotated about an edge with ease, 


firm joins could be effected, and action with real objects was 
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involved. 

That the older children employed simpler folding sequences 
than the majority of the younger ones was possibly due to a matura- 
tional factor, but this was consonant with the statement by Bruner 
(1970) : 

There is a structure in action and a structure’ in knowing .". . 
action must be affected by the nature of the perceptual 
organization, and, in turn, that perception must be programmed 
by the requirements of action (p. 81). 

Bruner (1964) suggested three different systems of representa- 
tion for information acquisition, namely the enactive or representation 
through action, the ikonic or representation through imagery, and the 
symbolic, or representation through symbols. The hexomino problems 
would be classified as requiring enactive representations, while the 
construction of the tetrahedron would involve partly enactive and 
partly ikonic representation, since a wire model was available as an 
illustration of the structure. The construction of the dodecahedron 
without the presence of a model would involve firstly enactive, and 
then later on ikonic representation, enactive since the process 
involved the physical manipulation of materials, and ikonic, because 
the construction evoked images, both complete and incomplete, of the 
original dodecahedron. 

Furth and Wachs (1974) referred to three body and sense 
thinking processes which can be applied to a manipulative or graphic 
task. These processes are described as (1) movement thinking, 

(2) hand thinking, and (3) visual thinking. Through these senses a 


child is able to draw an object, construct a design and successfully 


match similar figures. 
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Information received through the senses from the environment 

must be processed, decoded, encoded and integrated with body 

knowledge if it is to be meaningful tothe individual (p. 139). 
The spatial problems of this study provided arene opportunity for 
these forms of thinking. In those cases where the information was 
not meaningful, either some information was not being processed 
effectively, or the child did not fully comprehend the problem. 
Whereas children aged 3-7 years exployed unstructured attempts to 
verify that the fifth fold-out shape would not fold up, their efforts 
to verify the same result for the sixth shape were more structured 
and executed with confidence. Furthermore, when they modified these 
shapes into foldable forms, these children transformed them to one of 
the known foldable shapes. 

In the mirror reflection problems there was evidence that some 
learning was taking place, particularly in the two reflection prob- 
lems, when children who had made an incorrect rotation of the flash- 
light when it was switched on, were then able to make a correct rotation 
of the flashlight when it was switched off. This problem differed from 
the object reflections task in that there was little opportunity for 
children to learn from their experiences. In the object reflections 
problem, children had 5 or more efforts to achieve their goal and as 
a result, there was more visual feedback available to them. The 
mirror reflections problem gave the child one chance to respond and 
this was either correct or incorrect. There was also less opportunity 
for interviewer feedback in the mirror reflections problem. 

For some children, aiming the shooter at the wall and aiming 
the flashlight at the mirror interfered with their problem solving. 


They wanted to aim directly at the object. 
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5. As children gain experience their problem-solving procedures 
become more systematic. 


For example, in the projected shapes problems, one-half the 
children were given assistance to form the ellipse, the majority of 
whom were 3-6 years. This same age group formed a rectangular shape 
for the parallelogram, and made no attempt! to explorevother possible 
ways of holding the model. The 6- to 8-year-olds maneuvered their 
selected models to produce the straight line with minimal or no 
assistance from the interviewer, in contrast with the younger chil- 
dren. 

The remainder of the projected shapes problems were quite 
different from the Piagetian tasks. The level of solution of them was, 
in the main, age dependent, with the 7- and 8-year-olds showing 
ability to form the required shape with verbal cues or no assistance 
at all. Of these six shapes to be formed, three had square boundaries, 
and these were the most difficult for the younger eriidven to produce. 
These children had difficulty in selecting an appropriate wire model 
in the first place, and, when given the correct model, made haphazard 
explorations, and generally resisted interviewer assistance. These 
problems proved to be too difficult for the 3-year-olds. 

Two of the shapes with square boundaries were formed by holding 
the axis in an oblique line, a process which the older children were 
able to perform more easily than the younger ones. Most children 
concentrated on the screen. However the younger children found it 
difficult to adjust the orientation of the wire model without glancing 


at it, whereas the older children could. From this point of view, it 
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would have been an improvement to have the screen close to the child. 
When children raised the extremities of the hexominoes and the 
tetromino to the vertical position, the perceptual feedback was 
minimal and misleading. This behavior was also noted by Piaget and 
Inhelder (1967, p. 40) with reference to the development of perceptual 
or sensorimotor activity. In the case of the tetrahedron and the 
dodecahedron, raising triangles or pentagons to an upright position 
did not establish a correct relationship, and this 'noise' interfered 
with the child's recognition of any visual information which could 


have evoked an image of the required shape. 


6. Children display a variety of verbalization behaviors as they 
solve problems. 


Spontaneous verbalizations were evoked by all four problems. 
However the proportion of children in each age group that verbalized 
in the fold-out shapes and in the object reflections problems 
considerably exceeded that for each of the projected shapes and mirror 
reflections problems. In the first pair of problems children were 
able to exercise greater control over their actions than they had in 
the second pair. 
Other factors which may have contributed to this difference 
in verbal behaviors were: 
— a greater perceptual concentration required to observe 
(i) changes in the shadows formed and (ii) the path of 
the light beam, 
— the amount of detailed instruction or cuing given by the 


interviewer in the second pair of problems reduced the 
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frequency of questions and reactions to the problem 
Situations, and 

— the tasks and materials did not foster verbalization. 

Of particular note was the fact that 7- and 8-year-olds made 
the least number of rule changes. These children were at the beginning 
of the concrete operations stage and were prepared to accept the prob- 
lems as presented. Furthermore, no rule changes were expressed 
verbally by children of any age group for the projected shapes and 
the mirror reflections problems. Conjectures have been advanced 
above which would possibly account for this fact. The lack of 
indications that the mirror reflections task was complete was partly 
due to the fact that the interviewer commented on the success or 
failure, or that the subject was more interested in locating the 
position of the spotlight. 

The categories used to classify the children's verbalizations 
were consistent with models or functions of children's language 
reported by Halliday (1970) and Tough (1971). Thus children were 
using (i) the interpretative function when they sought information 
or made comments on the task or the materials, (ii) the self- 
maintaining or regulatory function when they changed a rule or 
indicated that the task had been completed, (iii) the directive 
function when they monitored their actions, and (iv) the projective 
function when they made a prediction or expressed interest or 
surprise. 

The spontaneous verbalizations which have been examined have 


been of a purposive or functional nature, and have been described by 
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Piaget (1955) as egocentric speech which atrophied with age. Vygotsky 
(1962) observed that there was an increase in the speech-for-self of 

a child in a problem-solving situation which he interpreted as the 
child's means of directing and planning his behavior. Klein (1964) 
studied the speech-for-self of young children in problem-solving 
situations who were isolated from any other “person. “Herfound) that 

the proportion of task oriented self speech increased with age, and 
that children who exhibited speech-for-self did not perform any better 
in problem-solving situations than children who did not. 

In this study it was found that children verbalized spontan- 
eously in problem-solving situations, as well as responding to ques- 
tions and statements made by the interviewer. These verbalizations 
varied according to the nature of the materials used, and that within 
each age group there was a variety of the number of verbalization 


categories used. 


7. Children align edges of components in an assembly and adopt 
specific aiming behaviors without any prompting. 


The attention shown by all but one child to the alignment of 
edges when joining squares, triangles and pentagons without prompting 
by the interviewer indicated an awareness of one-to-one correspondence, 
and the way in which objects fit together. The matching of Velcro 
edges was referred to by the interviewer, and children maintained a 
classificatory behavior through the ten fold-up shape problems. In 
the case of the cube, once two edges were correctly matched, that the 
remaining edges would join with adjacent edges was assured. However, 


the unusual appearance of the dodecahedron and the fact that the 
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joining of a pentagon to a partial assembly required the classifica= 
tion of at least four separate Velcro edges would account for the fact 
that the majority of children were given assistance by the interviewer 
to reassemble the shape, and that the amount of assistance given 
decreased with increase in age level. 

In the object reflections problems many children from 3-8 
years employed 'line-of-sight' methods to aim the shooter at the 
bear. Some maintained the use of this aiming behavior when the 
problems required the ball to rebound off the walls by aiming the 
shooter at some point on the wall. Piaget and Inhelder (1967) have 
observed that the arrangement of a set of objects in a straight line 
is achieved by using a 'line-of-sight' or by aiming occurs in children 
about 7 years of age (Stage III). They related this to the develop- 
ment of a child's ability to discriminate between and then coordinate 
several points of view. 

The observation of this aiming behavior at ages considerably 
less than those reported in the Genevan study may well be attributed 
to the nature of the materials used. The situations used in the 
Genevan study required children to form a straight line of posts 
(toothpicks) between two points on a plane, with rectilinear or 
circular diagrams as distractors (Piaget & Inhelder, 1967, p. 157). 
Laurendean and Pinard (1970) in a thorough study of the child's con- 
cept of the projective straight line found that approximately one-half 
of the 8-year-olds were unable to construct straight lines oblique to 
perceptual distractors twice in two trials. Thus a distinction has 


been established between perceptual and representational space in 
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children. In the present study the problem resembled a game situation 
which employed aiming behaviors, a situation to which children related 
and responded. 

When asked to produce a straight line in the projected shapes 
problems children looked for a model in the form of a straight line. 
Although prompted to use one of the three models available, none of 
the 3- to 5-year-olds were able to project the straight line without 
assistance. The orientation of the shadows did not appear to be an 
important criterion to some who formed the required shape, an observa- 
tion which was also noted by Piaget and Inhelder (1971, p. 121). 
Children 3 to 8 in this study identified a shape as correct whether 
it was oriented horizontally, vertically or obliquely if it had the 
necessary structure, even though the stimulus was always oriented 
horizontally. One 7-year-old indicated that his diagonal in one 
problem was sloping in a direction opposite to that required, and 
proceeded to transform his shadow to the correct orientation. Others 
who had formed their shapes with vertical or oblique orientations 
transformed their shadow to the horizontal form when asked to do so 
by the interviewer. 

Piaget and Inhelder (1971) noted children's lack of concern 
for orientation, attributing it to "the automatic perceptual correc- 
tions involved in the constancy of forms and the perceptual recognition 
of forms in various positions (p. 123)." Studies by Ghent (1961), 
Wohlwill and Wiener (1964) have shown that children as young as 4-5 
years of age have little difficulty on the average in discriminating 


stimuli on the basis of their spatial orientation, provided the task 
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requires a response to this cue. However, very young children (3 
years) failed to respond to the orientation of stimuli—that is, they 
may have responded to specific salient cues in objects which would 


allow them to recognise those objects in any orientation. 


8. Children show varying degrees of understanding of the paths of 


incidence and reflection in object and mirror reflections. 

Recognition that the trajectory of the ball in the object 
reflections problems consisted of rectilinear segments was shown by 
those 7- and 8-year-olds who were asked to show where the ball would 
travel. A similar result was given in the case of the mirror reflec- 
tions problem. However younger children, when asked to show where 
the ball would travel described an arc which went from the shooter to 
the bear. 

A similar result was observed by Piaget and Inhelder (1958), 
who studied the child's concept of the equality of the angles of 
incidence and reflection through the use of apparatus in the form of a 
billiard game (pp. 3-19). Balls were rebounded from a wall and 
children were asked to aim for a target which was moved from one 
target to another. Subjects were asked to report on their observa- 
tions, since the Genevans were studying the development of proposi- 
tional logic in children. They found that up to 6-7 years (Stage I) 
children were primarily concerned with practical success or failure. 
A distinction was made between simple goal-directed behavior and a 
child's actions which accompanied "an awareness of the techniques and 
coordinations of his own behavior (p. 6)." It was this latter 


behavior which was termed concrete operations. Evidence of this was 
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observed in 7- to 10-year-olds (Stages IIA and IIB) with a developing 
awareness of the rectilinear nature of the path of the ball. However, 
discovery of the equality of the angles of incidence and reflection 
occurred only at Stage IIIA (11-14 years) and was formulated at Stage 
LIIB (14=L5: years) 

Children in this study were not questioned to determine their 
understanding of the relationship between the angles of incidence and 
reflection. Only in a few cases could one infer that 7- and 8-year- 


olds intuitively thought that this relationship existed. 


9. Within each age group there is a wide range of behaviors exhibited. 


For example, in the fold-out shapes problems, the solutions 
of the 3- to 5-year-olds ranged over all the solution categories. In 
particular, children in this age group assembled the tetrahedron 
without assistance and the dodecahedron with minimal or no assistance. 
Folding procedures varied considerably but nevertheless the tasks 
were successfully completed. Solution categories for the 6- to 8-year- 
olds in this last fold-out shape problem were as diverse as those of 
the younger children. 

Although the solutions to the projected shapes problems differ- 
entiated between the younger and older children, there were instances 
in several of these problems where exceptions occurred. For example, 
those who produced the last projected shape without assistance were 
evenly distributed over the age range 4-8 years. 

The variety of aiming procedures in the object reflections 
problems of the 3- to 6-year-olds was almost equal to that of the 


7- and 8-year-olds, but there were fewer children in the younger group 
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who used them. In the second part of the mirror reflections problem 
the performances of the 4- and 5-year-olds were not inferior to those 
of the 6- to 8-year-olds, although the problem was abandoned for all 
but one of the 3-year-olds. 

Thus, given the appropriate problem-solving situations, 
children will attempt to solve these problems and will display a 


range of problem-solving behaviors. 
THE CRITERIA FOR GOOD PROBLEMS 


The twelve problems of the cross-sectional project were devised 
to conform with a set of criteria for the construction of '‘good' 
problems *lusted)| by “Nelson andiKirkpatricks (1975, eppsc71=72). ' fhe 
results obtained from the study of the four spatial relations tasks 
indicate that when problems are constructed according to these 
criteria, that children will react favourably to them, and will 
display a variety of problem-solving behaviors. 

The mathematical significance of the problems has already 
been established. However, the reality of the situation or the use 
of real objects can sometimes produce unexpected reactions. For 
example the youngest children were unable to use the flashlight in 
the manner prescribed by the mirror reflections problems because, in 
general usage, a flashlight is pointed directly at the object to be 
illumined. 

A factor which played a major part in the success experienced 
by the subjects in this investigation was the visual feedback which 


was an integral part of the materials used in these spatial problems. 


enotssutie priv loa-meldow edsfagorqas sit nevio .eouT | ; 
s veigerb Liiw bie enotdowq sear? evioe of sqmetta Iiiw nexbLido 


; a | 
aMELIsOA GOOD ADF AIRATIAD FHT 


LP Nae) Get 


heulveb szew tdeterg Isnokisee-erer9 ed? 20 sate Laon Eee edt 


J e 


‘i : T) u 
‘hoop’ Yo nottouttencs ‘ent 202 bisasaie to ‘dou 5 as mtetneo! ot 


ofT .(80-IN 14g Aner) tulteqati bas “we os botels' seoidoxg ; 
= ef ti/ 
axest anosaeiey fecveqa “wot add to bute a pibte § bensesdo etivast 
Pere “=< 
seeds of piibuonos badosiseneS S56 Pao Bers nerw sats éaeobbeck | 
wo iy vies 


[liw Gre .mods of vitetacterepesh tosom fitw asrbLlids sant .stzsdis9 


, 44 j a a 
,anokwsied ortiv [oa-meidesq oe iotney 6 ee 


=~, = Oi Bee 
yisexis esd ‘ama ldo-xg gilt to aonavtiinete \aoivamodem ‘edt 


ae g hike 
ae. eda xo aisaiie atte Yo yoilees Ssdz baits -bevleiidasee need 
ee Se ee Gio 
toF enortoses betoeqxany ssubo1wy aheheilin 62 praise isex ‘to 
ain Ae 

nit gedpifdast? sit sew ot aldenu suew a Tewonsoy edt slqmsxs oF 
6 ary (5a li @ 

uk ,sapsoad anion ennisooito: so7rkm ony ed beditouerg sentsm ott 

a Wilt 1) «here = 


sd o¢ toetdo arty +6 elaoentt atehaeady ak siehtdess2 s ear 
is fool ve a ee 


238 


Thus, in the fold-out shapes, when two or three adjacent pieces had 
been fitted together, characteristic features of the completed solid 
became visible, and in most cases this assisted children to proceed 
with the assembly. With respect to learning theory, Hilgard and 
Bower (1974) note that "cognitive feedback confirms current knowledge 
and corrects faulty learning (p. 616)." This equally applies to these 
problem-solving situations. The result of a move can be assessed and 
the strategy maintained or modified as a result of this feedback. 
Different levels of solution can result from the various ways the 
visual or verbal feedback is interpreted. Lack of sufficient explora- 
tion can also limit the visual clues available to the problem solver. 
The limitations listed above in no way detract from the use- 
fulness of the criteria as a guideline for constructing problems 
appropriate for solution by young children. Rather they contribute 
to the variety of behaviors displayed and the levels of solutions 


appropriate to different age groups. 
IMPLICATIONS FOR FURTHER RESEARCH 


This study has examined behaviors of children aged 3-8 years 
while solving spatial problems. Each of the results found needs to 
be checked with further research. These problems constitute a 
fraction of the cross-sectional aspect of the Nelson and Sawada (1974) 
project. Before any recommendations for further study can be made, 
these results should be integrated and compared with the findings of 


the other eight problems of this project. 


One of the concerns prior to the commencement of the project 
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was that children would not react to the problem situations or display 
problem-solving behaviors. This concern was unfounded because chil- 
dren did respond, and generally approached the tasks given them with 
interest. As a result of this, protocols which had been left flexible 
in the cross-sectional study, were modified for the longitudinal 
study. 

The distinct advantages which accrue from the use of the video- 
tape recording of data have been referred to by Nelson and Sawada 
(1975), namely, (i) permanency of the record, (ii) completeness of the 
record and (iii) reliability of the interpretation. A further 
advantage is derived from the check on protocols used. However, the 
disadvantages should not be overlooked. Because the recording 
captures all behaviors the investigator has the task of sorting the 
relevant data from the irrelevant. The transcription from tape to 
paper is a lengthy process. This could possibly be alleviated by 
having the tapes modified so that behaviors of children solving the 


same problem were all recorded on the same tape. 


The order of presentation of the tasks in each of the problems 
was fixed. It was therefore not possible to determine the extent to 
which children's solutions for the first tasks influenced their 
behavior in subsequent problems. Further research needs to be con- 
ducted in which the order of presentation of problems is systematically 
varied. This would provide information on the extent to which 


learning is taking place and contributing to success in later problems. 
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CONCLUDING REMARKS 


Each of the four spatial relations problems produced a variety 
of problem-solving behaviors from those children aged 3-8 years who 
participated in the project. These problems were designed to satisfy 
a set of criteria for good problems. The materials constructed for 
these problems proved attractive to the majority of the children, and 
provided multiple embodiments of the mathematical principles selected 


as stimuli to generate problem-solving behaviors at various levels. 


Protocols for these problems proved to be unnecessarily flexi- 
ble for the problems and the problem-solving situations generally 
proved to be self motivating. A characteristic of these problems and 
the method used for recording the data are reflected in this statement: 

Mathematical thinking will need the sort of investigation 
which catches the constructive process while it is still 
going on. (Dienes,.1960; p. 41): 

The results of the full cross-sectional and longitudinal 
studies of which these problems constitute a part will need to be 
known before the full implications for the practising teacher will 
become apparent. The present study however, provides some evidence 
that simple geometrical transformations can be introduced to children 


at an early age in a manner which, with further refinements, could 


lead to an intuitive informal understanding of spatial relationships. 
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Fold-out Shapes 
Projected Shapes 
Object Reflection 


Mirror Refelction 
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FOLD-OUT SHAPES 


The cube is placed on a low table in front of the child. He 
is encouraged to handle the cube and is asked to give it a name. He 
is then instructed to unfold the cube so that all the squares will 
lie flat on the table. If the child separates each square from the 
others, the squares are joined together into an arrangement which can 


easily be folded again to make a box. If the child simply unfolds 


the box, the configuration is not altered in any way. In either case, 


the child is asked to fold up the cube again. If he has difficulty 
fitting the squares together, he is shown how the 'rough' side will 
cling to the 'smooth' side. 

The child is then told that the squares will be laid out in 
different ways and he will be asked to make a box from a particular 
layout of the squares. The box is unfolded and the squares are laid 


out in the following arrangements: 


a) G) 


b) dq) 


The child is encouraged to guess whether or not he will be able to 


make a box from a particular arrangement before he actually folds up 
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the squares. When he has completed these activities, the child is 
then presented with the following arrangements and asked to guess if 


he can make boxes by just folding: 


In any case he is asked to verify his choice. The square are laid out 
as in e) and f) above and the child is asked how he would re-arrange 
the squares so that he can make a box with them. The child is given 
no assistance with this operation. When he has completed the task, 
the cube is removed from the table. 

Four separate triangles of a tetrahedron are placed in front 
of the child. He is asked if he can attach the pieces together in 
such a way that he will be able to fold them into a box (tetrahedron). 
If the child fails to make the figure he is given assistance. 

The triangles are then laid out in the following ways and the 


child is asked if he can make boxes from them. 


: Les i‘ 


Again, he is asked 'Can you make a box from this arrangement?' before 
he actually folds the pieces. No assistance is given to the child. 
When he has completed this task, the tetrahedron is removed. 

The dodecahedron is placed before the child. He is encouraged 
to handle the figure, to name it and then to dismantle it. When he 


has folded out all the sides of the dodecahedron, he is asked to 
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reassemble the figure. No assistance, other than holding pieces in 


place, is given to the child: 


SAaee ty 


Te ie i 


aes: ita “aye 


vs Se et ' 7a seca 


4 —~ 


_ yi ie sj aapiyeyy a 


a 


f Me ' 
a bitte” Le hd rus 4 o 4 
a > ® nly rt a) 
| 6 6) pee ye aw ‘a ‘ 
’ ' ‘@ : * ue ne wren ‘ ' 


i : a 1 (ve S | 7! 
| heel) rin tgen! i 
: rr , ty An 


so i POM e) eine 


~ 


ih am ai ~ed 
"é PY nal x a i 


i 


m tate Alb {iis ha 


Se ua 


ee ee (dese, 


Sir q 

@ aan 6 “a Dip eel heli 
\ 1a", 

aes i ihe, a : 


aed ns weiee ol Wa 
v4 : u 


7 i a ate i¢) 
| H coh ce iemaan Py. ee 


a 


205 


PROJECTED SHAPES 


A high intensity lamp is placed on a low table so that the 
light shines directly on a screen, set in front of the table. The 
child stands beside the screen or sits on the table beside the lamp. 

The child is shown how he can throw shadows against the screen 
with his hands. He is then given one of the shapes and is asked to 
see what kinds of shadows he can make with it. He is encouraged to 
understand that as he moves the apparatus, the shadow will change 
shape. A diagram of a certain shape is presented to him on a white 
card and he is asked if he can create a shadow identical to the 
diagram with the apparatus he has been given. 

The following shapes (column 1) are used in this activity; 


and the child is required to produce the figures in column 2. 
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e) 


LP 


Shapes a), b) and c) are introduced together. The child is 


£ ZY 
A A 
Xl 


asked to make shadows of the figures shown above (column 2). He is 
then asked which shape(s) he would use to create a shadow of a straight 
line. He is encouraged to demonstrate how this shadow can be made. 
Figures d), e) and f) are presented together and the child is asked 
which shape he would use to produce the shadow designs shown in 


column 2. 
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OBJECT REFLECTION 


The apparatus is placed on a low table so that the child 
can stand over it. The shooter is fixed in one of the holes drilled 
to accommodate it. The plastic bear is placed at some distance from 
the shooter and the child is shown how to operate and aim the shooter 


to knock down the bear. The bear is placed in two other positions 


and the child is permitted to shoot twice at the bear in each position. 


He is told that he is free to fix the shooter in any of the holes he 
wishes, before taking a shot. 

Now the bear is moved to a new position and a house is placed 
between the shooter and the bear. The child is told that he must 
now hit the bear without moving the house away and by bouncing the 
shot from one of the sides. He is, however, free to move the shooter 
into any of the holes drilled for it. He is permitted to keep 
shooting until he hits the bear or until he has shot five times. 

The bear is moved to another position and the instructions repeated. 
He is again permitted to shoot until he hits the bear or has shot 
five times. 

Two additional houses are introduced and placed around the 
bear in such a way that the shot will have to bounce off two sides 
before it can hit the bear. The child is again given a maximum of 
five tries. 

Finally, the bear is put in a new position and the preceding 


activity repeated. 


255 


- 


Saktisb cate ot Yo 900 nb fi a sete 41 seve Base 980 
mort alee’ amor He boonly et used otdesiq ed? tk maboneecee Se 
tedooiis: aid mie Gris, etsxago ot wort mwoda at pile odd bus xedoore ont 
anoisigog sent ows ul beosta ek seed ost 188d off ewob oon ot Pe 
ots baog dogs at shee edt +6 sidieg toode ot heseeeres el bLisis eds bated 
‘oid eefod ott to yas nt xedoore oft iF oF east, et od ar blot et oH 3 
tod]: 6 pilited sxoted sent i 
bevsiq et savod 5 Bas moittaog, wen 8 ot bevom at sed eit Ses 
taum er tart blot et Blide od! asd edt bus tetooda edt nsewsed 
etlt poisaed yd bes yews sevod edt pitivem guodsiw sued ons tid wor 
1steode sd3 evom ot ssxt .xevawod .eb oH .ashie ert 30 ano: mow? Sore 
qaext ‘ot Setsimzeq ai sk «tt aot beiliab ae lod odt\ to yas ogni 
-astit ovit toda apd sd Liday so seed ertd agia ad Lito enitoorde 7 : 
beiseqat enoidouxtedt edt bas noitieos asdjonus oj bavom ei zsed, oT 
tore asd 10 need ode atin ad Listaw doodle of bettimseq mispa ei 9H 
| " seams ovid 
six Bbowors baosig BAe boouboxtai 518 eeanod Isnoisibbs owl vi 


zebte ows tio sonuod og Sis iiiw naa ent tedd yew s dove at ised - | 5 
ia 4 


to mumtusm s mevip abepe ak bl ido ont ised 7 tid apo 4 sroted 


| aos ovit 7 
paibssstq pa bn noktiang wen B ttt ne ak eoatallaaed etna a 
A 


Lavan a “i 7 | sbedagen 


i \ ene & - ~ 


fet - ve 


MIRROR REFLECTION 


The apparatus is placed on a low table so that the child can 
Stand over it. The light source, fixed in the groove cut to accom- 
modate it, can be positioned anywhere along the groove. The target 
with silhouettes of an elephant, a lion, a bear, and a deer is placed 
some distance from the light source and the child is shown how to 
make the light shine on an animal picture. No reflection is involved 
in this task. The child is then shown how to adjust the light to 
make it shine on the deer picture using one reflection. The child 
is then asked to adjust the light so that it shines on the elephant. 

The light is reflected once to shine on the lion. The light 
source is now turned off and the child is asked to adjust it so that 
when it is turned on it will shine on the bear. He can then check 
his solution and make any necessary adjustments. 


Now the child is shown how to reflect the light twice to 


shine on the deer. He is asked to adjust the light so that it reflects 


twice to hit the elephant. Then the light is reflected twice onto the 


lion. It is turned off and the child is asked to adjust it so that 


it hits the bear using two reflections. 
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APPENDIX B 


CODE USED FOR RECORDING DATA FROM VIDEOTAPE 
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CODE FOR RECORDING DATA ON FOLD-OUT SHAPES 
AND PROJECTED SHAPES 


Question by E/gesture. 
Prompt by E. 
Praise by E. 


Encouragement by E. 


"What seems to be the problem?" 


"What sqare is the problem?" 
"Can you move a piece?" 


"Go ahead and have a go." 
See what happens. 


Discusses materials. 

"Is that the same shape?" 
"Tell me when you think 
you can." 

Pause and search. 

Pause. 

Pause, looks at assembly. 

Pause, looks at model. 

Rotates horizontally. 


Rotates in vertical. 


Puts down last mentioned piece. 


Lifts piece 1 with left hand. 


vy S asks for clarification/ 
Repeat question. 

Vo Repeats question to self. 

V, Expression on task/ 


materials. 


V Grunts. 

4 
Ve Irrelevant statements. 
Ve Expression of surprise. 
Vo il aon t KNOW ss 
V WOK. uw 

8 


¥ Nod for yes. 


V Verbal yes. 


N Shake head for no. 


Wf Verbal no. 


L-R Shift from left hand to 
right. 


ie Touches with right hand. 


M, Matches edges. 


Order in which 
eas : 
squares are raised. 
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CODE FOR RECORDING DATA ON REFLECTION PROBLEMS 


instruction to shoot. 
Prompt (turn shooter). 
Praise by E. 
Encouragement by E. 
Irrelevant statement. 
"Show me with your finger 


where you want the ball 
tor go.” 


Correct move (rot.) 
Wrong move (rot.) 


Correct move but moves 
on fining. 


Move of shooter to new hole. 
Look. 

Looks from shooter to bear. 
Sights along shooter. 

Fite 


Miss. 


Move to adjacent hole 


Move to next to adjacent hole. 


IoVesheayS Ie) Savers Clima. 


Reverses rotation to shoot 
at wall. 


Asks question 
clarify/repeat question. 


Subvocal/repeats E's question. 


On task/material. 


No. 


Yes. 
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APPENDIX C 
SAMPLES OF ARRANGEMENTS OF SIX SQUARES 
1. The Complete Set of Hexominoes 
(Arrangements of Six Squares) 
which Will Fold Up into a Cube 
2. Some of the 24 Hexominoes 


(Arrangements of Six Squares) 
which Will Not Fold Up into a Cube 
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HEXOMINOES WHICH WILL FOLD UP INTO A CUBE 
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HEXOMINOES WHICH WILL NOT FOLD UP INTO A CUBE 


APPENDIX D 


ILLUSTRATIONS OF PROBLEM-SOLVING SITUATIONS 
TAKEN FROM THE VIDEOTAPE RECORDER 


ee CONS 


The Folding of Shape F 
Forming the Tetrahedron 
Constructing the Dodecahedron 


The Object Reflections Task 
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3. Constructing the Dodecahedron 
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4. The Object Reflections Task 
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APPENDIX E 
SAMPLE OF RECORD SHEETS 


1. Pold-out shapes Problem 

2. Projected Shapes Problem 
3. Object Reflection Problem 
4. 


Mirror Reflection Problem 


266 


; Vitek D OD a 
MEH aah na : a ¥/ ie 
aTante GHODEA FO eine, +s Pa; ie 


vets 
Aistdov! eeqede A10~Bios eae \ 


maldoud Regsde Betvatord ro y 
ma lioxrd ho istoe lien std o fa ve 
mgiiesd naits voi tal vers | 


{ 


267 


TARE) Se FOLD--OUT 


SHAPES 
NAME __G._ ae, Sal 7 eee ae 


CUBE . Name eBoxen Initial Layout > oA 
; -unaltered ~~ 
Dismantle pen G Ty ite 
~~ partly 


Vi Mi ldo Thy tor tome opus E (yes) Frenrer 


FE, > Sswil, NVR. L pis ey eee. hn ee iby 


R on ; <a soe B 
ty Sa Mdhangherias 3h, L, (Fas cae a Ret, 
Du 


Blips empats 
Ds 


(SES A yo) 
, ze, VW, Esw 
item 
aS 
LS oe ee 
J t J 3 
Leis , V (Arend) | 
SI = 
KS a 5 
2) 3/ 4 
ie =) 4ls 
Lesko ute, Errore. Egn,, S 
Vn. VY. Cen, .S Wenn. 2a 
Arvin we) oe NE LAS ) Bee Ba. V3, Powns be FE aeplowe 


Yeas | oe: hugh; (ile ovulate) Le Ey (4b wnt hoe sislte 2) 
NOS oe ee Bo Vn V3 (4 bre) 


ie [4] 3]2. E say Oger . oes iS ana dong Ve, 


mows Cerda Ved tee Re (ae R Ce sn 
& (o sacle. al?) Tr u 2/3 D 2/sse eWay) ne eS V3 (the one «f) 
EBay 


a. So 
a ate Oy 


A Seated Deas coat a ava are 
eR. ey. oe - Pye ihe bite se 


mare SHS, ye A , Ke a Ws, ig ce ee 
; {ens& SARL eV t ae oe aa picmena ae ca ! ES a y 
aude t vv —* TNE 7 iy 


ye aed = ic aaa : 


we= i X cae oe, ae \i 


S ae ee 
A wget? ae ae 


a . eS) we : 
RCs east) ha S as 


es 


as PES | ape a 75 * » a 
2{8] : ot pe ota a "Sessa es <i 

& ears a Piola Bore =Vetyatial 

oh § edu a pny 3. ey 3 ae c 

dea ay are ie aS re é 
(ered beg 8) ae | 
i | ey rare 3 me a’ 
ee ce TA Nex nae 


reac | , - 


268 


CAPE eo _ FOLD-OUT 


HAPES 
NAME G CAc oe © ole) gs) tne es ee ° 


Nads 2nd sid. anu rotilia, checks eolgce, PB O3 , raped’ po eer fhe 1 
quiron 1V3(Gluvtedges,) Ez Egs, S fla Pren over GF, V3 (Vile rleley ) 


@) Flt Le WV, (Sey gen Sank mk, Minin Sp euee) 
Kath es _ 
| R dul devo rok Got SAEED, Puctis Zdunw Art olnta 
2 Sy ewe bevy ee aay, Ofiws 2, VN CH thik monet 1,3 
a a ee 
E repeats ) E ep , V4, Eos a Vn FE vepec 


__ 


DODECAMEDRON Vg jE) (rent tet: fegeter eae) © detiels; 
| wnt, S plucy Wde oe fell. , S diwrfotils tetrnratnrdley 
vit pls te fel- Abithed fut al X dnd Chiernes rmrarcel , 


V5 Vz (adand: clelachtr “prere ) Eye V3( Cant pt thio 


Mara / pen pe (Hots Samigle pont), (Lene thik for a morules 
Ome See What tru Caw do oh the others), 
eee ee sea ha en 

Tae merece Vit eg notes) 
fe (oth Pet ad prige he Cts 2/3 )ba-s 
S yor I b 3, 10 detach, S 4-8, ar 
Vz (te se) V3 (Srtick thre) drama dren 
Alslb fal sts place ti ome meow. dows 
[iy on E 42lpo, Vy Capen 
Clirts with 7, V3 ( J arade © Prrute 
oe), Ta, S prdler mp I, tnofucts 
Orv attds dy Lepr. V3 [ drt 
So ase 3 


femme e ae asd, 28 ae 


aad (wilt eos woe 


iM es HRY ie 
(Sap RATT Siar ne ap mh) A ., i 3 art, 
ele SS AA tt lei tt eh Bt LIS 


Bx) Meaenranrey ath Re SETS le seeks eis 

ge ASRS hd, «Gnd baht aan t Ny Jie F a oe 
5 ee AC ee) eee 

wi deabde nm )Y) ran we ue ee) u ie “ere i= 

Sandor Sl Wisse PY oa Beer 


eo mee tee ee 
——— eee inated 


pAudals Stage) ad AC Sae ee a, WV Wepaaurounog 
mahensannst= ebrbibinns. a TA sa So engatboh 2 Res 

_ daa Sytner emt 6 hy detaobs Kyau Aas ~hnh. ih al } dhe 
wih hn hnad \ eV ae) (AP teyy beans RPS, hae wth) oy oa 
Berra Ai rank hat, ee a A. eat Dearne thor) aud pa 
— ee “So A ys oa wove Sadho one ‘Looe 


| (anee Rare pore mi { 
(ei aey CAS eae cag neni iy wat wil) 2 | 
iu arb} catia € at BP Loe 2 1 oy 

ers dated. | ( xetad goaka t eV (ps2 a) Vv i} rie a 
writ yt rn ie 
ee ae yy oad. none 
be senasi ba — 
end betes om | . 


PROJECTED 
SHAPES 


-4 


CA 


Cc 


NAME 


JADE ILVULS | 


A508 


! . = 
iQ 
4-4qert . 


Coe Atl 


te rettit 


S 
- gOUWT | “& = o = ape ereeen rion’ 
ALVLOU | | 2 % \ % ° 
/Lortaay | iE = ¥ Ay 3s ee OR ae). 
ad S) wb : 
AOIOHO] . ae y on 
: e NS : Seed eae mes 
aqiv] | a fe a . : - 
www hy 
snotawz| % Pe a 
-IIvauda | = | o 2 
| % cee 
a 71 | WA aa) Y 8) O m IN any z Sa 
SHAOW | a “ 
aaa 3 x a 


port uous j 7 A) 
‘sane a a 
SUaaWON | Z a 

MOGVHS i SS Ss | 

adVH , cael AER 
eae 


~ tS 


b. 
6 


= ic 
ie ce 


$B 


= = 


270 


TAPE ¥-f. OBJECT 
Se REFLECTION 
NAME S CA Sy TASK 4p 
| ses a a a a 
3, a) CN AE +H Ne 
4 rc reat. Awe Lee 2 FP8. 
| } i= Pee, 20%, othir Stel - Ave Anh Shot | 
| | | 
| 
2 


ahs ecm i Bee CFP at iveee, [PEW neKM. 1 SL-w 


13 

13 : 

2 2. iV: Ur has des ski need, Sees Srmastc ne PID ch AE SPOR TAT 

2 Fees a sing Hes -8-st-f, Bescon FPG, CC SL-w-FPB, 
| te 


ea | pie fsa opt 


lea. [Ske Wr ae St. eee L se. 

A 

ov) 

ED : a 

2 Kepl wp ao reid opertwlisw fiezess avlh Win inet 
2 4 

2 


vollaul] Leck 


shar attnn . 


Npn &W 
= 


ue a Lo ane av fears ial: 1 | 
wats pace ea \ oth cast Vi} * ; 
eile “te delle Sane ee" alae | a y 4 
} if : 


: lay : pnt, PS = Aetna tnt B = 
~ ve — r — = i _ ] 
| | | } | ne 


4 hal 


ae es a oe a ee ee 


coer | | 


ee oe be ecru, ed = 8 seals ae uae 
ans 
MEET OG Rae ae 
wal i at Tens wie LO) apr Alay Ot viko 


oO + Ves{O+ aw Opt 
+g ve | Paty er ea ed bh 


Nae a2 DSS ee 


Sie heel - 
oa 


- 
— 


Pa 


ee Ose eae MIRROR 
REFLECTION 
Tala & 


E dLécus145 


Eg, Ci yor BM ne dwtals Aap pineig bo tha tale? 
Va 14 42flecte, ak . 
Fg whin o» te re) Olt oa te ee woe 

= pagans iaaccs 'W Ey. R+ fet eo fe - ndyual E2) 


If ONE Poe 


Iitl 


& Ahere ) Amel aed, Coc ADEE Te 


Jstwrtew - 


SJ fio b& CALL. pei Dots 
EE eh 5 


_B=8__ 8948 
ogame mar 


a eens 
ga Dine = oh ead ind “134 yo 


ee tare age as ves ee aia : 4a ay 
| 63 sen! A tik 


Lane bate eret\ oS - “aly! as ae Bree ~D- ; mii 
my ey, | Pera e _ edd omihede, yd tees) EV real | aa 


F | beech ee WEE ae rien ea 
“ sea ea Ae % ayes 5, Shad wera 


e; masa rs 
A ered tees 0 
ene 


APPENDIX F 


ALLOCATION OF PROBLEM SETS TO SUBJECTS 
FOR EACH AGE GROUP 
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ALLOCATION OF PROBLEMS TO SUBJECTS 
FOR EACH AGE GROUP 
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- Fold-out Shapes Problem 

. Projected Shapes Problem 
Object Reflections Problem 
. Mirror Reflections Problem 
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ALLOCATION OF PROBLEM SETS TO SUBJECTS 


FOR EACH AGE GROUP 
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Cargo groups problem 
Animal groups problem 
Parking lot problem 
Theatre grid problem 
Linear sequence problem 
Circular sequence problem 
Object reflection problem 
Mirror reflection problem 
Factor platform problem 
Factor board problem 
Fold-up shapes problem 
Projected shapes problem 
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